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INTRODUCTION 

The South African Mathematical Society has the responsibility for se­
lecting and training teams to represent South Africa in the annual 
International Mathematical Olympiad (IMO). 

The process of finding a team to go to the IMO is a long one. It be­
gins with a nationwide Mathematical Talent Search, in which students 
are sent sets of problems to solve. Their submissions are marked and 
returned with comments, full solutions and a further set of problems. 
The principle behind the Talent Search is straightforward: the more 
problems you solve, the higher up the ladder you climb and the closer 
you get to selection. 

The best students in the Talent Search are invited to attend Mathe­
matical Camps in which specialised problem-solving skills are taught. 
The students also write a series of challenging Olympiad-level problem 
papers, leading to selection of a team of six to go to the IMO. 

The bookets in this series cover topics of particular relevance to Math­
ematical Olympiads. Though their primary purpose is preparing stu­
dents for the International Mathematical Olympiad, they can with 
profit be read by all interested high school students who would like to 
extend their mathematical horizons beyond the confines of the school 
syllabus. They can also be used by teachers and university mathemati­
cians who are interested in setting up Olympiad training programmes 
and need ideas on topics to cover and sample Olympiad problems. 

Titles in the series published to date are: 

No. 1 The Pigeon-hole Principle, by Valentin Goranko 
No. 2 Topics in Number Theory, by Valentin Goranko 
No. 3 Inequalities for the Olympiad Enthusiast, by Graeme West 
No. 4 Graph Theory for the Olympiad Enthusiast, 

by Graeme West 
No. 5 Functional Equations for the Olympiad Enthusiast, 

by Graeme West 
No. 6 Mathematical Induction for the Olympiad Enthusiast, 

by David Jacobs 

Details of the South African Mathematical Society's Mathematical Tal­
ent Search may be obtained by writing to 

Mathematical Talent Search 
Department of Mathematics and Applied Mathematics 
University of Cape Town 
7700 RONDEBOSCH 

The International Mathematical Olympiad Talent Search is sponsored 
by the Old Mutual. 
J H Webb 
June 1996 

Inequalities for the Olympiad Enthusiast 

Graeme West 

In this booklet we discuss standard mathematical inequalities that should be in the 
armoury of the olympiad competitor. In earlier years of the International Mathematics 
Olympiad, questions using inequalities such as the Cauchy-Schwartz inequality or the 
Arithmetic-Geometric mean inequality were commonplace. In more recent times, as 
the standard of questions set at the IMO has undergone a substantial increase, the use 
of inequalities has become more subtle : competitors are thrown .. more onto their own 
resources and are expected to be able to decide for themselves what tool is appropriate 
in any given situation and to be able utilise that tool correctly. IMO problems have 
changed from one or two step problems to multistep problems. The aim of this booklet 
is to make the reader fully competent with one of these possible steps : manipulating 
with inequalities. On the other hand, routine one or two step problems are of course 
prevalent, and rightly so, in competitions such as the National Olympiad. 

We begin with my personal favourite, the rearrangement inequality. This is a tremen­
dously powerful but very simple inequality which strangely enough is to a large degree 
unknown. Then we deal with the Arithmetic-Geometric mean inequality, the triangle 
inequality and the Cauchy-Schwartz inequality. Finally we deal with Jensen's inequality 
for convex and concave functions. (There are some other inequalities involving other 
means such as the Harmonic mean, for example, which have been omitted. But such 
tools I do not regard as standard and moreover I have yet to find a competition prob­
lem which needs such a tool for the most natural solution. Nor have we dealt with 
inequalities that are established, for example, by induction : usually these problems 
are problems in induction per se and not in inequalities.) There are a large number of 
exercises after each chapter, many from past IMO papers, and comprehensive solutions 

at the end. 

I should point out that for a number of problems more than one method of solution is 
possible. I have tried to include the problem in the most natural section of the booklet, 
but comments in this regard are very welcome. 



1 The Rearrangement Inequality 

The rearrangement inequality is perhaps the most useful of all the inequalities that we 
can consider, and is very simple to understand. 

Consider the numbers 1, 2, ... , n. Any rearrangement of these numbers is represented 
by a unique function a, called a permutation. If, for example, we arranged the numbers 
1,2,3,4 in the order 3,1,2,4 then we would write 

a(1) = 3, a(2) = 1, a(3) = 2, a(4) = 4 

Note that if we take 1, 2, 3, ... , n and rearrange them as n, n - 1, ... , 3, 2, 1 then we 
have the permutation with formula a(i) = n + 1- i. 

The rearrangement inequality says the following:-

Theorem 1.1 (The Rearmngement Inequality) 
Suppose Xt ;=: X2 ;=: · · · ;=: Xn and YI ;=: Y2 ;=: · · · ;=: Yn· Then 

n n n 

L x;y; ;=: L X;Ya(i) ;=: L X;Yn+I-i (1) 
i=l i=l i=l 

for any permutation a. 

Example 1.2 Suppose Xt ;=: x2 and Yt ;=: Y2· Then XtYI + X2Y2 ;=: XtY2 + X2Y1 

Example 1.3 Suppose Xt ;=: x2 ;=: X3 and y1 ;=: Y2 ;=: Y3· Then 

XtYI + X2Y2 + X3Y3 ;:: XtY3 + X2Y2 + X3Y1 

and the other variations, namely XtYI +x2y3+x3y2, X1Y2+x2Y1 +x3y3, X1Y2+x2y3 +x3YI 
and x1y3 + x2y; + X3Y2 lie in between these two extreme values. 

We will shortly give a formal proof of the rearrangement inequality, but first we consider 
a fairly convincing intuitive motivation:-

Suppose we have n people of weights YI ;=: Y2 ;=: · · · ;=: Yn ;=: 0 and we have n seats on a 
see-saw which are x 1 ;=: x 2 ;=: · · · ;=: Xn ;=: 0 distance away from (one side of) the central 
pivot. Then to maximise the moment on that side of the see-saw, we should put the 
heaviest person the furthest away, the next heaviest second furthest away, etc. This 
gives a moment of L:i=1 x;y;. To minimise the moment we should arrange the people 
in the reverse order, and we get a moment of L::':1 X;Yn+I-i· Any other arrangement a 
of the people in the seats will give us a moment of L:i'=1 X;Ya(i), somewhere in between 
these two extremes. 
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From this it is evident that if there is equality in the expression 

n n 

L x;y; ;=: L X;Ya(i) 
i=l i=l 

then any pair of people who have changed places in fact have equal mass. Expressed 
mathematically, this says that the finite sequence {y;} is the same as the sequence 

{ya(i)}· Similarly if there is equality in the expression 

n n 

L XiYa(i) 2. L X;Yn+I-i 
i=l i=l 

then the finite sequence {Ya(i)} is the same as the sequence {Yn+I-d· 

Proof: (of Theorem 1.1) 
If a is a non-trivial rearrangement then there must exist i,j such that i > j but 

a( i) < a(j). Therefore Ya(i) ;=: Ya(j)> and so 

X;Ya(j) + XjYa(i)- (xiYu(i) + XjYu(j)) = (x;- x;) · (Yu{i)- Yu(j)) ;=: 0 

as each term is positive. Therefore, modifying a by exchanging a(i) and a(j) increases 
the value of L:i'=

1 
X;Yu(i)· It then follows that this process will only terminate if the 

arrangement a is trivial, and we deduce that 
n n 

L X;y; ;=: L XiYu(i) 
i=l i=l 

Similarly we deduce that 
n n 

LXiYa(i) 2. LXiYn+I-i 
i=l i;:;;:l • 

Example 1.4 Suppose x, y E R. Then 

x2 + y2 ;=: 2xy (2) 

(This is in fact equivalent to the statement of the arithmetic-geometric inequality for 

two variables.) 

Example 1.5 Show that if x, y, z > 0 then 

x3 + y3 + z3 ;=: 3xyz 

By symmetry we may suppose x ;=: y ;=: z. Then of course x
2 

;=: y
2 

;=: z
2 

and so 

x · x2 + y · y2 + z · z2 ;=: x · y
2 + y · z

2 + z · x
2 

xy · y +xz · x + yz · z 
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and xy ~ xz ~ yz, so 

xy · y + xz · x + yz · z ~ xy · z + xz · y + yz · x 

3xyz 

Note 1.6 In (1) we required that the x/s and y/s be arranged in decreasing order. 
This is not strictly necessary: all that is required is that the x/ s and y/ s be arranged 
in the same order with respect to size. This idea is best illustrated by means of the 
following example: 

Example 1. 7 Show that if x, y, z > 0 then 

X y Z 
-+-+->3 
y Z X-

Note that the expression is not symmetric in x,y,z so we cannot simply suppose, for 
example, that x ~ y ~ z. Instead we note that if x, y, z are is a certain size order 
then ~' ;, ~ will be in the same order. So ; + ~ +; is the largest possible sum, and 
; + ~ + ; = 3 is the smallest. In particular, ~ + ~ +; ~ 3. 

Example 1.8 Show that if x, y, z > 0 then 

yz zx xy 
-+-+->3 x2 y2 z2 -

The expression is symmetric in the variables x, y, z so we may suppose without loss of 
generality that x ~ y ~ z > 0. Then 

and 

Thus 

xy ~ xz ~ yz 

1 1 1 
->->­
z2 - y2 - x2 

xy xz yz xy xz yz x z y 
-+ -+- > -+ -+ -= -+ -+­
z2 y2 x2 - y2 x2 z2 y x z 

and so the result follows from the previous example. 

1.1 Exercises : the rearrangement inequality 

To do some of these exercises you will need to know about the 'Ravi substitution' 
when a, b, c are the sides of a triangle, we can take 

a= X+ y, b = y + z, C = Z +X 
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for some x, y, z > Q. The values of x, y, z are determined by constructing the incircle of 
the triangle. In solving inequalities, this is a very useful substitution as we no longer 
need worry about all the a+ b > c stuff : it's built right in. 

1. Let a, b, c be the lengths of the sides of a triangle. Prove that 

a b c 3 
2>--+--+-->­

-b+c c+a a+b-2 

Can equality hold on either side? 

(Indian National MO 1989, Question 5) 

2. Let a, b, c be the lengths of the sides of a triangle. Prove that 

a2 (b + c- a)+ b2 (c +a- b)+ c2 (a + b- c)~ 3abc 

(IMO 1964, Question 2) 

3. Show that if a, b1c > 0 then 

a8 + b8 + c8 1 1 1 
::-::::-::- ~ -;; + b + -;; 

4. Show that if a, b, c > 0 then 

a2 + b2 b2 + c2 c2 + a2 a3 b3 c 
a+b+c< --+--+--<-+-+-

- 2c 2a 2b - be ca ab 

5. Let a, b, c be the lengths of the sides of a triangle. Prove that 

a2b(a- b)+ b2c(b- c)+ c2a(c- a)~ 0 

Determine when equality occurs. 

(IMO 1983, Question 6) 

6. Show that if 0 < x, y, z then 

x3 + y3 + z3 ~ y2z + z2x + x2y 

(British MO 1981, Question 3(a)) 

7. Let { ak} be a sequence of distinct positive integers. Prove that for all n E N 

n ak n 1 
Lp~Lk" 
k=l k=l 

(IMO 1978, Question 5) 
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8. The Chebysh~v inequality 
Prove that if a1 ~ a2 ~ · · · ~ an ~ 0 and b1 ~ b2 ~ · · · ~ bn ~ 0 then 

n · t a;b; ~ t a; t b; ~. L, io,· t, ; 
i=l i=l i=l -" ' '/ 

' ·~ \;N(I: 

9. Prove that if x, y > 1 then 

xnyn - 1 Xn - 1 yn - 1 
n· >--·--

xy - 1 - x - 1 y - 1 

2 The Arithmetic-Geometric Mean Inequality 

Definition 2.1 Supposex 1,x2, ... ,xn~O. Then 

(a) the quantity 
X1 + X2 + · · · + Xn 

n 
is called the arithmetic mean of the numbers Xt, x2, ... , Xn; 

(b) the quantity 

-cfXtX2 · · · Xn 

is called the geometric mean of the numbers x 1 , x2, ... , Xn 

(3) 

Suppose x, y ~ 0. Then the arithmetic mean of x and y is ~ and the geometric mean 
is y'x'ij. We can actually show that no matter the values of x and y, we always have 
that the arithmetic mean is greater than or equal to the geometric mean : 

It is clear that- ( ,jX- ../Y) 2 ~ 0. Now multiply out and transfer terms and we get 

X + y ~ 2../X.jY 

which simplifies to 
x+y 
-2- ~ ..;xy 

This is called the arithmetic-geometric mean inequality for two variables. We can ask 
in addition : when could we have equality here? Well it is clear that that would only 
happen if ,jX- .jY = 0 i.e. if and only if x = y. Expressed differently: the arithmetic­
geometric mean inequality is an equality if and only if the two numbers featured are 
equal. 

There is an alternative geometric proof for this inequality which is often worth keeping 
in mind. Suppose a circle has diameter of length x + y. It is clear, from the theory of 
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similar triangles, that the length of the perpendicular is .jXY. Since the length of the 
perpendicular is less than or equal to the radius, we have that y'xY S ~.and we have 
equality if and only if x and y are radii. 

~ 
:X.. ::I 

The arithmetic-geometric mean inequality carries over to the case where we have n 
numbers under examination, but the method of proof is less straightforward : 

Theorem 2.2 (The A1·ithmetic-eeometric Mean Inequality) 

Suppose Xt,X2, ... ,Xn ~ 0. Then 

Xt + X2 + · · · + Xn ~ y'x1X2 · · · Xn 
n 

(4) 

that is, the arithmetic mean is greater than or equal to the geometric mean. The m­

equality is strict unless all of the numbers x1, x 2, ... , Xn are equal to each other. 

Proof: We establish (4) by making use of the rearrangement inequality. We may 

suppose Xt ~ x 2 ~ • • • ~ Xn· Let 

e = vfx1x2 · · · Xn 

We consider the systems 

Xt XtX2 

e' e2
' 

and. the inverses of this system, that is, 

XtX2 · · • Xn 
en 

(= 1) 

e e2 
en (= 1) 

' ' Xt XtX2 XtX2 •.. Xn 

It follows from Note 1.6 that the minimal pairwise product is n. On the other hand, 

one of the intermediate products is 

Xt XtX2 G X1X2X3 G2 X1 •.• Xn-1 cn-2 
Xt ••• Xn en-! 

-·1+-·-+--·-+···+-.. --· +---·--G G2 Xt G3 XtX2 Qn-1 Xt · • · Xn-2 Qn Xt · · · Xn-1 

which simplifies to 
Xt + X2 + · • · + Xn 

G 
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and the result follows. 

That the inequality is strict unless all of the numbers XI> x 2 , ... , Xn are equal to each 
other is a consequence of the fact that the rearrangement inequality is strict unless the 
rearrangement is trivial. • 

Perhaps the above proof is not very enlightening. There is an alternative intuitive 
argument which is quite useful. Suppose we have the numbers x 1 , x 2 , .•• , Xn and these 
are arranged so that x1 ~ • · · ~ Xn. We now replace the largest number, x1 , and 
the smallest number, Xn, by ~· We then have a new system of numbers x, ~x", 

x2, .. . ,Xn-1> ~· The arithmetic mean of this new system has not changed. On the 
other hand, since 

(
XI+ Xn) 2 
---

2
--- ~ XJ·Xn 

we have that the geometric mean has increased. We now repeat the process over 
and over : at each step the arithmetic mean is unchanged while the geometric mean 
increases. In the limit (a lot hides behind that innocuous phrase!) the n numbers 
under consideration become equal, at which time the geometric and arithmetic means 
become equal. It then follows that the geometric mean must have been smaller than 
the arithmetic mean in the first place. 

Example 2.3 Show that if a, b, c > 0 then 

a3b a3c b3a b3c ca c3b -+-+-+-+-+- >6abc 
c b c a b a-

We have 

a36 + a 3
c + b3

a + b3
c + c3

a + c3
b ifa3b a3c b3a b3c &a &b 

c b c a b a> s-·-·-·-·-·-
6 - c b ca ba 

which simplifies to 

a3b a3c b3a b3c c3a cb -+-+-+-+-+- >6abc 
c b c a b a -

Example 2.4 Suppose x, y, z > 0. Then 

x3+y3+z3 3~ ---- ~ yx3y3 z3 = xyz 

and so 

In more generality, we have that 

for xb x2, ... , Xn > 0. 

x3 + y3 + z3 ~ 3xyz 

n n 

""x·n > niix· ~.- . 
i=l i=l 
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2.1 Exercises : the Arithmetic-Geometric Mean Inequality 

1. Show that 

a 2 + b2 + c 2 + d2 + ab + ac +ad+ be+ bd + cd > 14 

if a, b, c, and d are positive real numbers whose product is equal to 2. 

2. Prove that n!-< ( ~ t for any integer n > 1. 

3. Let a, b, c be the lengths of the sides of a triangle. Prove that 

abc~ (a+ b- c)· (b + c- a)· (c +a- b) 

4. Let a, b, c > 0. Prove that 

abc~ (a+ b- c)· (b + c- a)· (c +a- b) 

(British MO 1981, Q3(b)) 

5. Given a triangle ABC, let I be the centre of its inscribed circle. The internal 
bisectors of the angles A, B, C meet the opposite sides in A', B', C' respectively. 

Prove that 1 Al·Bl·Cl 8 
- < <--
4 AA'·BB'·CC'- 27 

(IMO 1991, Question 1) 

6. Show that of all triangles with a given perimeter, the equilateral triangle has 

greatest area. 

7. PQRS is a quadrilateral of area A. 0 is a point inside PQRS. Prove that if 

2A = OP2 + OQ2 + OR
2 + OS

2 

then PQ RS is a square and 0 its centre. 

(Australian MO Inter-State final 1985, Question 3) 

8. Show that if x, y, z > 0 and x + y + z = 1 then 

(IMO 1984, Question 1) 

7 
0 ::; xy + yz + zx- 2xyz ::; 

27 

9. Let ab a2, ••• , an be positive real numbers, and let Sk be the sum of products of 
a11 a2, ••. , an taken k at a time. Show that 

SkSn-k ~ (Ci:)2
a1a2 ···an 

for 1 ::; k ::; n - 1. 

(Asian Pacific MO 1990, Question 2) 
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3 The Triangle Inequality 

We now consider the most elementary inequality, namely, the triangle inequality. You 
should already have had substantial experience with this inequality. Unfortunately, the 
exercises are not so easy and that's why this section was not the first section. 

The easiest way to think of the triangle inequality is in the plane : suppose we have 
two vectors ;J: and 11: Then the rules for vector addition determine the sum ;J: + '!!. : 

-- /ff' 
- I 

I 

~ 

The triangle inequality says that the length of ;J: + y is less than or equal to the length 
of ;J: plus the length of '!!.• or, expressed as a formul.;; 

jj;J: + 1!.112 ::; 11;!;.112 + 111!.112 

Here II · 1!2 is the usual symbol for the length of a vector. Recall that the length of a 
vector is defined to be 

li(x~, x2)i12 = y'jxJ!2 + !x2[2 
This is known as the Euclidean norm of the vector (x1, x2 ). Thus 

Jix1 + Yd2 + lx2 + Y2l2 :S Vlxd2 + lx2!2 + .ji;;l2+ IY2I2 

Also, when we are dealing with numbers on the real line, we have the triangle inequality 

jx + yj :S jxj + jyj 

for x,y E R. 

Now these ideas are valid not only on the real line or in the plane but in any dimension. 
In R n, we define the Euclidean norm of a vector ( x~, x2 , ••• , Xn) to be 

ll(x~,x2,····Xn)ll2 = {6) 

and then the triangle inequality will still hold. We can state this as a theorem. 

Theorem 3.5 (The Triangle Inequality) 
Suppose (x~, x2, ... , Xn) and (Yt. Y2, ... , Yn) are vectors in Rn. Then 

n n 

L:lx; +y;j2::; LiYd2 (7) 
1=1 i=l 
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3.1 Exercises : the Triangle Inequality 

1. In the plane there is a finite set of points, no three of which are collinear. Some 
points are joined to others by line segments, with each point connected to no more 
than one line segment. If we have a pair of intersecting line segments AB and 
CD we decide to replace them with AC and BD, which are opposite sides of the 
quadrilateral ABCD. In the resulting system of segments we decide to perform a 
similar substitution, if possible, and so on. Is it possible that such substitutions 
can be carried out indefinitely? 

(Tournament of the Towns 1984, Junior Question 3) 

2. Let f and g be real-valued functions defined for all real values of x and y and 

satisfying the equation 

4 

f(x + y) + f(x- y) = 2f(x) g(y) 

for all x,y E R. Prove that if f(x) is not identically 0, and if lf(x)j :S 1 for all x, 

then jg(y) I :S 1 for all y. 

(IMO 1972, Question 5) 

3. Let d be the sum of the lengths of all the diagonals of a plane convex polygon 
with n > 3 vertices, and let p be its perimeter. Prove that 

2d [n) [n + 11 n - 3 < p < 2 - 2 - - 2 

where [x] denotes the greatest integer not exceeding x. 

(IMO 1984, Question 5) 

The Cauchy-Schwartz Inequality 

Theorem 4.1 (The Cauchy-Schwartz Inequality) 
Suppose (xb x2, ... , Xn) and (Yb Y2, ... , Yn) are vectors in Rn. Then 

n 

L:x;y;:S 
i=l 

n 

LIYd2 (8) 
i=l 

This inequality is strict unless one of the two vectors (x1, x2, ... , Xn) and (Yb Y2, ... , Yn) 
is a multiple of the other. 

Proof: We will establish this inequality by making use of the theory of discriminants 
of quadratics. Suppose we have two vectors (xll x2, ... , Xn) and (Yt. y2, ... , Yn) in Rn. 
We consider n 

f(t) = L:(x;t + y;) 2 

i=l 
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which is a function of the real variable t. It is clear that this function takes on positive 
values for all t E R. Now multiplying out and grouping like terms we get 

f(t) = (~x;2) t 2 + (2~x;y;) t + (~y;2) 
which is a quadratic in the variable t. So f is a quadratic which takes on only positive 
values, and so it must have discriminant ~ ::; 0. That means 

( 2 t x;y;) 

2 

- 4 · (t x/) · (t y;2) ::; 0 
,=1 •=1 t=l 

which simplifies to 

(t x,y,) 

2 

::; (t x;
2
) · (t y; 2) 

t=l t=l t=l 

which is what is required. We can have equality if and only if ~ = 0, which occurs if 
and only if the function f(t) takes on the value 0 for some (in fact, exactly one) value 
oft. That would mean that 

n 

L(x,t + Y;) 2 = 0 
i=l 

which means that x;t + y; = 0 for i = 1, 2, ... , n. That means that one of the two 
vectors (xi, x2, ... , Xn) and (y1 , Y2, ... , Yn) is a multiple of the other. • 

The test for when the Cauchy-Schwartz inequality is an equality is crucial in the solution 
of a number of problems, so it is important that it is properly understood. For example, 
the vectors {3, 4, 5) and (6, 8, 10) are multiples of each other, since {6, 8, 10) = 2· {3, 4, 5). 
And then we get 

3. 6 + 4. 8 + 5. 10 = 100 = -/32 + 42 +52 . -/62 + 82 + 102 

However, 'is a multiple of' is not a symmetric relation : {0, 0, 0) is a multiple of (3, 4, 5) 
but (3, 4, 5) is not a multiple of (0, 0, 0). It is this rather annoying little detail that 
made us say that mouthful in the statement of the theorem, rather than just say : 
'This inequality is strict unless (xi. x 2 , ••• , Xn) is a multiple of (y

1
, y

2
, ••• , Yn)', which 

would be a false statement. 

The Cauchy-Schwartz inequality has already been stated in two equivalent forms, and 
now we state a few more which are obvious but deserve to be made familiar. Firstly we 
have 

( 
n )2 n n 
~x;y; ::; ~x/ · ~y/ {9) 

The following two forms hold only if x1 , x 2, .. . , Xn and Y~> Y2, ... , Yn are known to be 
positive: 

n ~ ~ t; fiiYi::; ~ t;x; · ~ ~y; (10) 
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( 

n )2 n t; y'xiYi ::; t; X; LY; (11) 
i=l 

and the test for when there is equality remains the same. This last form is especially 
important because it is never obvious when it is begging to be used! In the final analysis: 
the Cauchy-Schwartz inequality gives important information about the product of two 
sums. Whenever information is needed about such a product in a problem, use of the 
Cauchy-Schwartz inequality should be suggested. 

Note 4.2 It follows from the rearrangement inequality that in dealing with the case of 
the Cauchy-Schwartz inequality where all of the numbers are positive we may whenever 
it is convenient assume x1 2:: x2 2:: · · · 2:: Xn and y1 2:: y2 2:: · · · 2:: Yn· In (8) this 
assumption maximises the left hand side and leaves the right hand side unchanged. 

Example 4.3 Use the Cauchy-Schwartz inequality to find the maximum value of 

f(x,y,z)=3x+y+2z 

given that x 2 + y2 + z2 = 1. 

We consider the two vectors (x,y,z) and (3,1,2). Then 

(3x + y + 2z )2 ::; ( x2 + y2 + z2) · ( 32 + 12 + 22) · = 14 

and so 3x + y + 2z ::; v'f4. It would be reasonable to hypothesise that the maximum 
value is in fact ..!14, but this would be jumping the gun. So far we have only shown 
that v'f4 is an upper bound for 3x + y + 2z, not the least upper bound. 

To do this, we test for when the Cauchy-Schwartz inequality yields an equality : we 
need some A E R such that x = 3A·, y = A, z = 2A. It is then easy to show that 
A = Jrt and hence 

3 1 2 
X = ..Jf4' y = ..Jf4' Z = v'14 

gives us values for which the function 3x + y + 2z does in fact take on the value ..!14. 

4.1 Exercises : the Cauchy-Schwartz Inequality 

1. Show that if x1 , x 2 , ••• , Xn are all positive then 

(tx;) · (t ~) 2:: n2 

·=• •=1 t 

(12) 

and determine when equality occurs. 
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2. Show that 
n 

n · "x2 > L...., • -
i=l 

(tx;) 2 

•=1 

3. Use the Cauchy-Schwartz inequality to find the minimum value of 

given that x + y + z = 10. 

2 
f(x,y,z) = x 2 +y2 + ~ 

2 

4. Suppose x, y, z > 0. Use the Cauchy-Schwartz inequality to show that 

(x+y+z) --+--+-- :0::-[ 
1 1 1 ] 9 

x+y y+z z+x 2 

and hence show that 
X y Z 3 --+--+-->­

y+z z+x x+y- 2 

5. Show that if a + b + c = 1 then a 2 + b2 + c2 :0:: ~ and ~ + t + ~ :0:: 9. 

6. Prove that the polynomial 

x
4 + x3 + ax2 + bx + c 

does not have all its roots real when a, b, c E Rand a > ~· 

7. Prove that the polynomial 

x
5 + ax

4 + bx3 + cx2 + dx + e 

does not have all its roots real when a, b, c, d, e E Rand 2a2 < 5b. 

(USA MO, 1982, Question 2) . 

(13) 

8. The numbers a, b,p.2, a3 , •.. , an_2 are all real, and ab f 0. All the roots of the 
equation 

axn- axn-I + a2xn-2 + · · · + an-2x2 - n2bx + b = 0 

are real and positive. Prove that all the roots are mutually equal. 

(Australian MO 1986, Question 6) 

9. Given that a, b, c, d, e are real numbers such that 

a+b+c+d+e 
a2 + b2 + c2 + J2 + e2 

determine the maximum value of e. 

14 

8 

16 

10. Suppose a, b, c, d, m, n are positive integers satisfying 

Determine a, b, c, d, m, n. 

a2 + b2 + c2 + d2 

a+b+c+d 

max{ a, b, c, d} 

1989 
m2 

n2 

(Submitted by Ireland to the IMO, 1989) 

11. Let a1, a2, ... , an be positive real numbers, and let Sk be the sum of products of 
a1, a2, ... , an taken k at a time. Show that 

SkSn-k :0:: ( C~)2 a1a2 .. ·an 

for 1 ::;: k ::;: n - 1. 

(Asian Pacific MO 1990, Question 2) 

12. Suppose that a1, a2, ... , an are real (n > 1) and 

n 1 ( n )2 
A+l:af<- 'La; 

i=I n- 1 i=I 

Prove that A < 2a;ai for 1 ::;: i < j ::;: n. 

(Putnam Competition No 38, Question B5) 

13. Find all real numbers A for which there exist non-negative real numbers x1, ... , x 5 

satisfying the relations 

5 

l:kxk =A 
k=l 

(IMO 1979, Question 5) 

5 

L k3xk = A2 

k=I 

5 

l:k5xk = A3 

k=l 

14. Pis a point inside a given triangle ABC. D, E, Fare the feet of the perpendiculars 
from P to the lines BC, C A, AB respectively. Find all P for which 

BC CA AB 
PD + PE + PF 

is least. 

(IMO 1981, Question 1) 

15. Let S be a finite set of points in three-dimensional space. Let Sx, s., S, be the 
sets consisting of the orthogonal projections of the points of S onto the yz-plane, 
xz-plane, xy-plane respectively. Prove that 

ISI2 
::;: ISxl· IS.I · IS.I 
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5 

where IAI denotes the number of elements in the finite set A. 

Note : the orthogonal projection of a point onto a plane is the foot of the per­
pendicular from that point to the plane. 

(IMO 1992, Question 5) 

Jensen's Inequality 

Is this section we discuss an inequality which is quite different to the inequalities we 
have discussed in previous sections : all of our previous inequalities involve vectors 
from Rn, or more generally, finite sequences of numbers, whereas Jensen's inequality is 
concerned with a special class of functions on the real line known as convex or concave 
functions. These functions derive their names from the corresponding terms in the 
study of optics. 

Throughout we suppose that a function f is defined on some interval of the real line. 
Typically this will be the set [0, oo) of all non-negative numbers. 

Definition 5.1 f is said to be convex if 

t(x)+f(y) 2:tC;y) 

for all x andy. 

C.\1 -----------/ ,-l~l - - - - - - - - I 

t("-)-t-.lil~ 
;}. 

Examples 5.2 
convex. 

H~) 
-\(11.)'-- - -

:lt. ~ 
.t 

(a) The functions f(x) = x 2 and /(x) = x\ defined on all of R, are 

(b) The functions f(x) = xn for any n EN, defined on the interval [O,oo), are all 
convex. 

16 

(c) Any quadratic function with positive leading coefficient is convex. 

(c) The function f( x) = cos x, defined on the interval [90°, 270°), is convex. 

(d) The exponential functions are convex. 

Definition 5.3 f is said to be concave if 

f(x)+f(y) :Sfc;y) 

for all x andy. 

t(.:>~.~lol) 1- - - - - - -_;:-__........---r------~---"- .. , 
, I ' 

I / ' 
I / I -- -~ tl ) i / - - - - - - - I · "\" ~ 1- - - - 7 - I I . 

-tl;(.) ~-\l~ + / 
;;t I / 

~(:lt.) \-I 
' I I l I I 

I I 

'--------~-
:X: ;lt..~':) ~ 

"T 
Examples 5.4 (a) The functions f(x) = -x2

, defined on all of R, is concave. In fact, 
if f is a convex function, then - f is concave, and conversely. 

(b) The function /( x) = x3 , defined on all of R, is concave in the interval ( -oo, 0] and 

convex in the interval [0, oo). 

(c) The function f(x) = ,fX is concave on its natural domain, [0, oo ). 

(d) The logarithmic functions are concave. 

(e) The function f(x) = sinx, defined on the interval [0°,180°], is concave. 

(f) The function f(x) =cos x, defined on the interval [-90°, 90°], is concave. 

\Ve have not stopped to prove that these functions are convex or concave; very often 
this is quite difficult. We can, for example, verify that the function f(x) = sinx is 

concave on [0°, 180°] : 

s_i_n_x_+'--s_in-"-y =sin (-x-;_Y). cos (-x-;-y) :S sin_(-x-;_Y) 

17 



For those of you who know anything about calculus : if a function has a second deriva­
tive, then the function is convex if and only if its second derivative is positive and 
concave if and only if its second derivative is negative. This provides a quick test for 
convexity and concavity. (In this regard we should note that in some calculus textbooks 
convexity is called 'concave up' and concavity is called 'concave down'.) 

For our purposes you should draw a diagram of each of the functions listed above and 
satisfy yourself that they seem to be of the type mentioned. 

Theorem 5.5 (Jensen's inequality) 

(a) Suppose f is convex. Then for any Xi, x 2 , ••. , Xn belonging to the definition interval 
we have 

fcd·~·+x")::::; J(xt)+···+f(xn) 

(b) Suppose f is concave. Then for any xi, x 2 , ••• , Xn belonging to the definition in­
terval we have 

f(xi) + · · · + f(xn) :S: J (Xi+·~·+ Xn) 

Provided that the function f is not a straight line on any part of its domain, the in­
equality is strict : there will be equality if and only if the numbers x1 , · · ·, Xn are all 
equal. 

Proof: We establish the case where f is convex; by judicious insertion of minus 
signs this will prove the concave case too. 

We will establish this result by means of what is often referred to as 'backwards induc­
tion'. That the result holds for n = 1 is a tautology and that it holds for n = 2 is the 
actual definition of convexity. Suppose the result holds for some value of n, we show it 
holds for 2n. We have 

j cd ·~~ + X2n) ( 
~ + "'ntt + .. ·+x2n) 

J n n 
2 

:S: J ( ~) + J ("'ntt+~·+x2n) 
2 

::::; 
f(rt)+·~+J(xn) + /(rntd+~·+ /(r2n) 

2 
f(xt) + · · · + /(x2n) 

2n 

Thus the result holds true for all positive powers of 2. To finish the proof, we need to 
show the 'backwards' step : if the result is true for n + 1 then it is true for n. Suppose 

18 
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we have the values x 1 , • .• , Xn. Let Xn+i = ~ Then note that 

and so 

Xi+···+ Xn 
n 

f cd ·~· +xn) 

::::; 

Xi+···+ Xn+i 
n+1 

j cl + ~· ~ ~ Xn+i) 

f(xi) + · · · + f(xn+d 
n+1 

f(xi) + · · · + f(xn) + f ( ~) 
n+1 n+1 

'* (n + 1). J (Xi+·:~·+ Xn) :S: f(xi) + · · · + Ch(xn) + f (xi +n· · · + ~, 

=;. j CJ+ ·~· + Xn) f(xi) + · · · + f(xn) 
::::; 

n 

Example 5.6 Show that if x, y ~ 0 then 

1 
x3+y3~4(x+y)3 

• 

The cubic function f(x) = x3 is convex for x ~ 0. Hence by Jensen's inequality we 
have 

x3+y3 > (x+y)3 
2 - 2 

from which the result follows by multiplying through by 2. 

Example 5. 7 The square root function is concave on [0, oo ). For any xi, . .. , Xn > 0 
we have 

JXI+···+~ :S: {xd···+xn 
n V n 

and so 
( JXl + · · · + ~)2 :S: n ·(xi + · · · + Xn) 

5.1 Exercises : Jensen's Inequality 

1. Show that if x, y, z ~ 0 and x + y + z = 1 then 

and hence show that 

x2 + y2 + z2 > ~ 
- 3 

1 
xy + yz + zx <­-3 
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2. Draw graphs for each of the six trigonometric functions on (0°, 180°) and decide 
on concavity and convexity of these functions. 

3. Suppose a, b, c are the angles of any triangle. Show that 

sin a + sin b + sin c ~ 
3J3 

2 
esc a + esc b + esc c ~ 2J3 
cos a+ cosb+ cosc 

3 
< - 2 

cot a + cot b + cot c ~ J3 

and if the triangle is acute-angled, then 

tan a + tan b + tan c ~ 3J3 
sec a+ secb + secc ~ 6 

Show that no suitable inequality holds in general for the tangent and secant 
functions, that is, the functions tan a + tan b + tan c and sec a + sec b + sec c are 
unbounded from below. 

4. Prove that amongst all triangles whose incircle has radius equal to 1, the equilat­
eral triangle has the shortest perimeter. 

(Nordic Mathematical Contest, 1992) 

5. Let ABC be a triangle and Pan interior point in ABC. Show that at least one 
of the angles < P AB, < P BC, < PC A is less than or equal to 30 degrees. 

(IMO 1991, Question 5) 

20 

6 Solutions 

6.1 The Rearrangement Inequality 

1. Without loss of generality a ~ b ~ c. Then a + b ~ a + c ~ b + c and so 
b!c ~ a!c ~ a!b. Therefore 

and so 

a b c --+--+-- > 
b+c c+a a+b -

a b c --+--+-- > 
b+c c+a a+b -

b c a --+--+-­
b+c c+a a+b 

c a b --+--+-­
b+c c+a a+b 

( 
a b c ) b+c c+a a+b 2 --+--+-- >--+--+--=3 

b+c c+a a+b -b+c c+a a+b 

and of course we have equality in the case of an equilateral triangle. 

For the other inequality, we perform the Ravi substitution. Then 

a b c x+y y+z z+x --+--+-­
b+c c+a a+b 

---+ +---
X + 2z + y y + 2x + z z + 2y + x 

< _x_+:....;Y~ + y + z + _z_+:....;x_ 
x+z+y y+x+z z+y+x 
2 

2. After applying the Ravi substitution we find that we are required to show that 

x 2y + x 2z + y2 x + y2 z + z2x + z2y ~ Gxyz 

There are at least three ways of establishing this inequality:-

( a) The expression is symmetric in x, y, z and so we may suppose x ~ y ~ z. 
Then 

xy ~ xz ~ yz 

and hence 
x · xy + y · yz + z · xz ~ x · yz + y · xz + z · xy 

and likewise 
x · xz + y · xy + z · yz ~ x · yz + y · xz + z · xy 

both from the rearrangement inequality. Adding these two equations together we 
get the required result. 

(b) The second method uses (2) :-

x2y + x 2 z + y2x + y2 z + z2 x + z 2 y 

[ (; + ; ) + (; + ; ) + (; + ; ) ] · xy z 

~ [2 + 2 + 2] · xyz 

6xyz 
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(c) Finally, the Arithmetic-Geometric mean inequality can be used try this 
question again when you get there. 

3. Without loss of generality, a 2': b 2': c. Then ab 2': ac 2': be and fc 2': ~ 2': -!b· 
Hence 

as+ bs + cs 

a3b3c3 

as bs cs 

b3c3 + c3a3 + a3b3 
as bs cs 

2': a3c3 + a3b3 + b3c3 
a2 b2 c2 
-+-+-2 a3 b3 
a2 b2 c2 

2': a3 + fii + dl 
1 1 1 
-+-+-
a b c 

4. Without loss of generality a 2': b 2': c. Then ~ 2': t 2': ~ and a2 2': b2 2': c2
. Hence 

-+-+- + -+-+- 2':2(a+b+c) (
a2 b2 c2) (a2 b2 c2) 
c a b b c a 

and 

(~ ~ 2) (~ ~ 2) (~ ~ 2) 2 -+-+- > -+-+- + -+-+-
be ac ab - ca ab be ba be ac 

5. After making the Ravi substitution and some lengthy but routine manipulation, 
we see that the required inequality reduces to showing that. 

x 3 z + y3x + z3 y 2': xyz(x + y + z) 

Now clearly this expression is not symmetric in the variables x, y, z, so we cannot, 
for example, simply suppose x 2': y 2': z. Thus in principle there are six orderings 
of the variables x, y, z to consider. But always there will be some cyclic symmetry 
as is evident here~-

First suppose x 2': y 2': z. Then xy 2': xz 2': yz and x 2 2': y2 2': z2
• Hence, using 

these two systems in the rearrangement inequality, we get that 

xy · y2 + xz · x 2 + yz · z2 2': xy · z2 + xz · y
2 + yz · x2 

By cyclic symmetry this also deals with the case where y 2': z 2': x and z 2': x 2': y. 

A similar argument works for the case x 2': z 2': y and this also covers the case 
y 2': x 2': z and z 2': y 2': x. 
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6. Whatever order of size x, y, z are in, x 2, y2, z2 are in the same order. Hence, by 
Note 1.6 we have 

x · x 2 + y · y2 + z · z2 2': x · z2 + y · x 2 + z · y2 

n a 
7. Suppose n E N. By the rearrangement inequality the expression L k~ will be 

k=l 
smallest when an > · · · > a2 > a1 , so we can suppose this is the case. Then in 
fact ak 2': k for 1 :<:; k :<:; n. Thus 

n ak n k n 1 
L::p22.:p=L::"k 
k=l k=l k=l 

8. From the rearrangement inequality we have that 

n n 

L a;b; 2': L a;bu(i) 
i==l i=l 

for any permutation a. We take the following n permutations in turn: 

1 2 3 · · · n - 2 n - 1 n; 
2 34···ri-1n 1; 
3 4 5 · · · n 1 2; 

n 2 n-3 n-2 n-1. 

Adding up the n resulting equations up gives us the required result. 

9. Since x, y > 1 we have that 1 < x :<:; x 2 :<:; · · · :<:; xn-l and 1 < y :<:; y2 :<:; ... :<:; yn-l. 
Hence by the Chebyshev inequality we have 

n-1 n-1 n-1 

n· L:xiyi :<:; L:xi· LYi 
i=O i=O i=O 

which, .when using known facts about geometric progressions, simplifies to the 
required expression. 

6.2 The Arithmetic-Geometric Mean Inequality 

1. By the Arithmetic-geometric mean inequality we have 

ab + ac +ad+ be+ bd + cd > ~ab. ac. ad· be· bd · cd 
6 -
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and likewise 

Thus 

a2 + b2 + c2 + d2 

4 
2: ~a2 . b2 . c2 . d2 

~ 
V2 

a2 + b2 + c2 + d2 + ab+ ac+ ad+ be+ bd + cd 2: 6..;'2 +4v'2 > 14 

2. Consider the numbers 1, 2, 3, ... , n. By the Arithmetic-Geometric mean inequal­
ity, 

1+2+···+n V' 1 · 2 · 3 · · · n < --'--'----'--- n 

Simplifying this gives us that n! ~ ( !!f- )n. But certainly this inequality is strict 
because the numbers 1, 2, ... , n are not equal - because n > 1. 

3. After applying the Ravi substitution we find that we are required to show that 

x2y + x2z + lx + y2z + z2x + z2y 2: 6xyz 

which is easy to establish : 

x2y + x2z + y2x + y2z + z2x + z2y of 2: yx2y. x2z. y2x. y2z. z2x. z2y 

xyz 

4. We may suppose a 2: b 2: c > 0. Now these numbers form the lengths of the 
sides of a triangle iff a < b + c. If this is the case, then the result follows from 
the previous exercise. If it isn't, then the right hand side is negative, and the left 
hand side is positive, and so the inequality is quite trivial. 

5. Now f1. = ; since BI·bisects < B. Hence 

AI b+ c b+ c 
I A' = x + y = -a-

which is a standard result that deserves to be memorised. It is now easy to see 
that we are simply required to prove that 

1 (a+b)(b+c)(c+a) 8 
-< <-
4 (a + b + c )3 - 27 

From the Arithmetic-Geometric mean inequality we have that 

--:-- . . - + + --:--a+b b+c c+a < 1 [ a+b b+c c+a ] 
a+b+c a+b+c a+b+c-3 a+b+c a+b+c a+b+c 
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2 

3 

and so 
-'--( a_+--,--:-b )--'-( b---:+--,--:-c )--':-( c-=-+-'-a) < ~ 

(a+b+c)3 -27 
For the other inequality, we use the Ravi substitution, and from this it easily 
follows that we must show 

(y + 2x + z)(z + 2y + x)(x + 2z + y) > 2(x + y + z)
3 

Now this is apparently true, since we can consider the following factorisation of 
the left hand side :-

(y + 2x + z)(z + 2y + x)(x + 2z + y) 

[(y + x + z) + x]· [(z + y + x) + y]· [(x + z + y) + z] 

(y + x + z)3 

+ x · (z + y + x)2 + (y + x + z) · y · (x + z + y) + (y + x + z)
2 

· z 

+ x · y · (x + z + y) + (y + x + z) · y · z + x · (z + y + x) · z 

+ xyz 

> 2(x+y+z)3 

6. By Heron's formula for the area of a triangle, we have 

A= .jxyz(x + y + z) (14) 

where a= x + y, b = y + z, c = z + x are the lengths of the sides of the triangle. 
By the Arithmetic-Geometric mean inequality, 

(
x+y+z)3 

xyz < - 3 

and so 

A = .jxyz(x+y+z) 

J(x+y+z)3 ~ 
3 

(x+y+z) 

(x + y + z)2 

3V3 
And this maximum is attained when the Arithmetic-Geometric mean inequality 
is an equality i.e. when the terms used there are all equal, i.e. when x = y = z. 
This happens whe!l the triangle is equilateral. 

7. With angles at 0 as indicated, 

4A = 2(0P·OQ·sina+···+···+···) 

~ (OP2 +0Q2)sina+···+···+··· 

~ (OP2 +0Q2)+···+···+··· 

2(P02 + OQ2 + OR2 + 052
) 
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I 

S~R 
The first inequality is strict unless OP = OQ = OR = OS and the second is 
strict unless sin a = · · · = 1. Hence equality implies that the diagonals are of 
equal length and are bisected at right angles at 0. So the quadrilateral is a 
square with 0 as its centre. 

8. From the hypotheses it is clear that at least one of the numbers, say z, is less 
than or equal to !· Thus 

xy + yz + zx- 2xyz = (x + y)z + (1- 2z)xy ~ 0 

Using the same trick and applying the Arithmetic-Geometric mean inequality, 

7 
xy + yz + zx- 2xyz-

27 
7 

(x + y)z + (1- 2z)xy-
27 
7 (1- z)z + (1- 2z)xy--

27 

(
x+y)2 7 :S (1 - z)z + (1- 2z) -

2
- -

27 

(
1-z) 2 

· 7 (1-z)z+(1-2z) -- --
2 27 

-
1

- · [4 · 27 · (1- z)z + 27 · (1- 2z)(l- z) 2 - 7 · 4] 4. 27 
1 2 3 --·[-1+27z -54z] 

4. 27 
1 2 

--- (3z- 1) (6z + 1) 
4. 27 

:S 0 

9. Consider a set of k of the numbers a1, a2, •.. , an, denoted by a;,, a;2, ... , a;. where 
1 :S i1 < · · · < ik :S n. Then 

sk == 2: a•l"i2 ... aile 
l:S;it<···<i~::S;n 

There are Ci: objects in this sum, and so by the arithmetic-geometric mean in­
equality we have 

sk ~ c; ( ) ~ II a . a· ···a· •t 12 •~c 
1$it<···<io~~$n 
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n ( cn-1 -b ck (aia2 ... an) k-1) • 
c; (aia2 ... an)~ 

since each a;, appears c;::l times in total. 

Hence 
SkSn-k ~ c;c~-k(a1az · · · an)~+n;;• = (C;)2

a1a2 ···an 

(You would have noticed that this solution provides more than what the question 
asked for. For a simpler minimalistic solution, see the section on the Cauchy­
Schwartz inequality.) 

6.3 The Triangle Inequality 

1. Since there are finitely many points, there are only finitely many possible config­
urations for the line segments. Thus the only way we could.carry out this process 
indefinitely is if we could find some repeating 'loop'. 

However, this is impossible : suppose AC intersects BD at E, and we replace 
them with AB and CD. By the triangle inequality 

AC + BD = AE+ EB + CE+ ED> AB+CD 

Hence the total lengths of all the segments decreases with each substitution, and 
so we cannot 'loop'. 

2. Let M be the supremum of all the values of lf(x)l. Note that we are told that 
M > 0. Then for any x,y E R 

21/(x)llg(y)l = if(x + y) + f(x- Y)l 

:S if(x + Y)l + if(x- y)l 
:S 2M 

and so lg(y)l :S 111x)l for any x such that f(x) f. 0. We now choose x E R 
such that lf(x)l is very (one says arbitrarily) close to M. It then follows that 
lg(y )I :S 1. 

3. Consider the conw•x polygon A0 A 1A 2 ••. An-i, with the subscripts reduced mod­
ulo n. Let A;Ai be a diagonal. Then by the triangle inequality, 

A;Ai + A;+IAi+I > A;A;+J + AiAi+I 

When we sum these inequalities over all !n(n- 3) diagonals A;Aj, each diagonal 
occurs twice on the left, and each side occurs n - 3 times on the right; so we get 
2d > (n- 3)p, or n- 3 < ~-
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r: 

To obtain the upper bound, consider the diagonal A;Aj. Since it is the shortest 
path connecting A; and Aj, it is shorter than each polygonal path joining its 
endpoints. Thus we have both 

A;Ai < A;A;+t + · · · + Ai_1 Aj 

A;Ai < AiAi+t + · · · + A;-1 A; 

If n is odd, say n = 2k -1, use for any diagonal A;Aj that of the two inequalities 
above with fewer terms on the right. When we sum these !n(n- 3) inequalities, 
we get a d on the left, and on the right a sum of side lengths where each side 
appears exactly 2 + 3 + · · · + k- 1 = !k(k -1)- 1 times. Therefore 

d < ~(k(k- 1) _ 2) = ~ (n + 1 . n- 1 ) 2 2 2 -2--2 

If n is even, say n = 2k, use the same inequalities as above except for diagonals 
A;A;+k : for these 'diameters' use the inequ~lities A;A;+k :<::;: ~- Summing these 
!n(n- 3) inequalities, we get 

p p 
d < k·-+-(k(k-1)-2) 

2 2 

~(k(k- 1)- 2 + k) 
2 

~ (k 2
- 2) 

~ (:2- 2) v 

Finally it is very easy to show that for even n, rt 
n

2;1 = [~] [~]. 
[~] [~] and for odd n, 

6.4 The Cauchy-Schwartz Inequality 

1. By (11) we have 

(tx;) · (t ~) ~ (t r::I) 2 

= n
2 

•=1 1=1 x, •=1 yxi;; 
Clearly there can be equality if and only if the x;'s are all equal. 

2. This follows from (9) by putting all the y;'s = 1. (It also follows from the Cheby­
shev inequality - see Section 1.) 

3. We consider the two vectors ( x, y, ~) and (1, 1, J2). Then 

10 = x + y + z :<::;: ( x
2 + y 2 + ~z2) • (1 + 1 + 2) = 4 ( x 2 + y 2 + ~z2) 
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and so the minimum value is at most 2.5. As usual, we test for when the Cauchy­
Schwartz inequality yields an equality : we need some A E R such that 

X = A, y = A, ../z = J2A 

It is then easy to show that A = 2.5 and hence 

X = 2.5, y = 2.5, Z = 5 

gives us values for which the function does in fact take on the value 2.5. 

4. Making the substitution P = x + y, Q = y + z, R = z + x we find that we are 
required to show that 

[ 1 1 1] 
(P + Q + R) p + Q + R 2.:9 

which follows from (12) in the case n = 3. 

The second part follows immediately from the first. 

5. By considering the vectors (a, b, c) and (1, 1, 1) we have that 

1 =(a+ b + c)2 
:<::;: (a2 + b2 + c2

) • 3 

and the first result follows. The other is immediate from (12). 

6. Let the roots of the polynomial be r 1 , ••. , r 4 • Then 

Hence 

I:r; = -1 I:r;ri =a>~ 
ih 8 

( -1)2 

(~r;r 
2 · L r;rj + L rf 

if;.j i 

2a + I:rf 
6 

> S + I:rf 
i 

1 
=? 4 > I:r~ 

That this is impossible follows from (13). 
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7. Let the roots of the polynomial be r1, ... , r 5 • Then Li r; =-a and Li;tj r;rj =b. 
Hence 

a
2 

= (~r;r 
2·2:r;rj+:Lr? 

i;tj 

2b+ :Lr? 

4a2 
2 

> -+:Lr; 
5 i 

a2 
*- > "r2 5 ~. 

The result now follows as in the previous exercise. 

8. We have, by the usual connections between roots and coefficients of polynomials, 
that if x 1, x2, ... , Xn are the roots then 

X1 + · · · + Xn 

1 1 2 -+···+- = n 
Xt Xn 

The result now follows from (12). 

9. We put 

8-e = a+b+c+d 

16- e2 = a2 + b2 + c2 + d2 

'--' 

By the Cauchy-Schwartz inequality we have 

a+ b + c + d::; v'1 + 1 + 1 + 1 v'a2 + b2 + c2 + d2 

and so (8- e)
2 

::; 4(16- e2). Upon simplifying we find that e(5e- 16) ::; 0. 
It follows that the maximum value of e is -'f, and this is indeed attained when 
a= b= c = d =-'f. 

10. We may suppose that n 2 = a 2: b 2: c 2: d. 

By (13) we have that m 2 =a+ b+ c + d::; v'2 · v'1989 < 90. Hence 1::; m::; 9. 
Also, m

4 = (a+b+c+d) 2 > a2 + b2 +c2 +dl = 1989, and so m > 6. Furthermore, 
since 1989 is odd, a + b + c + d must be odd, and so m is odd. Thus m = 7 or 
m=9. 

We now eliminate the possibility that m = 7. If m = 7, then 

n4 + b2 + c2 + d2 

n 2 +b+c+d 

30 

1989 

49 

11. 

and so 2401 - 98n2 + n4 = ( 49- n2)2 = (b + c + d)2 > b2 + c2 + d2 = 1989 - n\ 
and so 2n4 - 98n2 + 412 > 0. This is a quadratic in the variable n2, which has 
roots at (about) 45 and 5. Thus n2 2: 45 or n2 ::; 5. It is easy to see that neither 
of these options is possible. Thus m i' 7. 

Thus m = 9, and so 

n4 + b2 + c2 + d2 = 1989 

n2 + b + c + d = 81 

So 1 ::; n ::; 8. Furthermore, 81 = n2 + b + c + d ::; 4n2, and so n > 4. But 
1989 > n4 and son ::; 6. Thus n = 5 or n = 6. 

We now eliminate the possibility that n = 5. If n = 5, then 

b2 + c2 + d2 1364 

b+ c+ d = 56 

and of course 1 ::; d ::; c ::; b ::; 25. Then 

192 (75-(b+c+d))2 

((25- b)+ (25- c)+ (25- d))2 

> (25- W + (25- c) 2 + (25- d) 2 

3 · 252 - 50 · ( b + c + d) + b2 + c2 + d2 

439 

which is impossible. Thus n = 6 and a = 36. 

We now need to solve 

b2 + c2 + d2 = 693 

b+c+d = 45 

Then clearly b,c,d::; 26. Also, 693 =16 5, while x 2 =16 E {0,1,4,9}. Therefore 
b2

, c2, d2 are 0, 1, 4 modulo 16, in no particular order. We concentrate on the 
odd number, which must belong to {1, 7, 9, 15, 17}. Clearly the sum of the two 
even numbers is congruent to 2 modulo 4, and so the odd number is congruent to 
3 modulo 4. Thus it is either 7 or 15. 

By some systematic experimentation we arrive at d = 12, c = 15, b = 18. 

Ci:v'a1a2···an 

::; 

:L v'a1a2 ···an 
1$it<···<i~c$n 

" Ia· a· ···a· L-, v· •t •2 •~c 
l$it<···<i~c$n 

L aita;2···ai" 
1$it <···<i~c$n 

~ Jsn-k 
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a1a2 ... an 

aitai2 .. ·ai~c 

L a1a2 .. ·an 

1$:i1 <···<i~c:Sn ait a12 · · · ai~e 



·I' 

12. We should be motivated to try and use (13) in this problem. Furthermore, the 
presence of the number n -1 (rather than the number n) suggests that we should 
somehow 'get rid of' one of the numbers. The manner of doing this is suggested 
by the 'mixed term' 2a;aj. So we form a new system of n -1 numbers (c;) where 

13. 

Ct = Ut, C2 = a2, .. •' Cn-2 = Un-2, Cn-1 = Un-1 + Un 

and then calculate: 

( n - 1) [A + ~ a~] < (ta;) 2 

•=1 

(

n-1 ) 2 Ec; 
i=l 

n-1 

< (n -1) L c~ 
i=l 

(n -1) [~a~+ 2an-lan] 

from which it follows that A< 2an_ 1 an. The general result then follows because 
we may of course suppose that an-t and an are the smallest of the a;'s. 

Notice that if we multiply the kth terms in the first and third equation we get the 
square of the kth term in the second equation. The same is true for the powers of 
A. So use of Cauchy-Schwartz is suggested. Putting ak = ,JkXk and bk = y'k5 xk 
we get that 

A4 = (A2)2 

(Ek3
xkr 

(E Jkxk · k5xk) 

2 

5 5 

:5 EkxkLk5xk 
k=! k=! 

A·A3 

A4 

So the Cauchy-Schwartz inequality is actually an equality, and so there exists 
A E R such that Aak = bk i.e. A,JkXk =~,or A2kxk = k 5xk for 1 :5 k :55. 

From this it is easy to see that either all of the xis are zero or exactly one is non 
zero. These six different possibilities easily yield the solutions A= 0, 1, 4, 9, 16, 25. 
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14. 

15. 

Let BC = a,AC = b,AB = c,PD = x,PE = y,PF = z; we are required to 
minimise ; +; + ~- In order to use the Cauchy- Schwartz inequality, we should 
try to find another function of a, b, c, x, y, z that we can compare this one to. The 
construction tells us that ax + by + cz is a constant ]{, namely twice the area of 
the triangle. Hence we get that 

(
a b c) 

J( -+-+­
X y Z (

a b c) (ax + by + cz) - + - + -
X y Z 

~ (R+R+Rr 
(a+b+c} 2 

which is another constant. Our quantity will be minimised when we have equality 
here, i.e. when 

ax = A.': 
X 

by = A~ 
y 

cz = A= 
z 

for some A E R. It follows trivially that x2 = y 2 = z2 = A, so x = y = z, and P 
is the incentre of the triangle. 

The proof will be by induction on the number of members in the set. If jSj = 1 
then ISxl = jSyj = ISzl = 1 and so the result is trivially true. Suppose now the 
result holds true for any set S such that jSj < n. We now show that it holds true 
if fSI = n. 

Take such a set and consider the collection of planes which are parallel to the xy­
plane. If possible, choose such a plane that divides the set S up into two parts, 
the part S1 below the plane and the part S2 above the plane. It is required that 
none of the points of S actually lie in the plane. 

The only way that such a construction would be impossible is if all the points 
of S lay in one particular horizontal plane. If so, then we simply 'rotate' our 
perspective and again look for a suitable plane. If this is again impossible, then 
all the points lie on a single line, and we 'rotate' again. If the construction is 
again impossible then S must be a single point : and we have already dealt with 
that case. 

So suppose that the set S has been divided up into S1 and S2 as described. Then 
ISzl :5 IS~ I+ jS;j, ISxl = IS!!+ IS;! and jSyj = IS~ I+ IS;j. (Do you understand 
why there is one inequality and two equalities here?) Of course, IS!! :5 ISx!, 
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6.5 

1. 

IS~I:::; ISyl and IS~I:::; ISzl fori= 1,2. Hence 

ISI
2 

= (IS
1
I + IS

2
If 

:::; ( JIS!I·IS~I·IS;I + VIS;I·IS;I·IS;If 

:S: (JIS!I·IS~I + VIS;I·IS;If ·ISzl 

:::; (IS! I + 1s;) · (IS~ I+ 1s;) · ISzl 

ISxi·ISyi·ISzl 

Jensen's Inequality 

x2 + y2 + z2 2': 
3 

=? x2 + y2 + z2 2': 

=?1 

(x+~+zr = ~ 
1 

3 
1 . 1 

(x+y+z)·(x+y+z) 

x2 + y2 + z2 + 2xy + 2yz + 2zx 
1 

2': 3 + 2(xy + yz + zx) 

2 
=? 3 2': 2(xy + yz + zx) 

1 
=? 3 2': xy + yz + zx 

2. The sine graph is concave, the cosecant graph convex. The cosine graph is concave 
until90° and then becomes convex. The graph is continuous throughout. (A point 
where the graph is continuous and changes from concavity to convexity or vise 
versa is c~lled a point of inflection.) Similarly for the cotangent function, although 
here concavity and convexity are reversed. 

Both the tangent and secant functions are convex before goo, there are disconti­
nuities at goo, and then are concave. 

3. The sine function is concave on (0°, 180°) and the cosecant function is convex on 
the interval (0°, 180°), so it follows that 

sina+sinb+sinc . (a+b+c) . 0 v'3 ----::---- < sm = sm60 = -
3 - 3 2 

and similarly 

csca+cscb+cscc (a+b+c) oo 2 ------- > esc = csc6 = -
3 - 3 v'3 
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The cosine and cotangent functions present special problems because they change 
concavity at goa. Nevertheless we are still able to make clever use of Jensen's 

inequality. 

Firstly, the cosine function is concave on {0°, goa). From this it is easy to see 
immediately that if the triangle is acute angled then cos a +cos b+cos c:::; ~· Now 
suppose that c 2': goa. Then :-

cos a + cos b + cos c 

where of course C ~ cos(~). 

cosa+cosb 
2· 

2 
+cosc 

cos a + cos b ( b) 2· -cosa+ 
2 

a+b 
:::; 2 · cos(-

2
-)- cos( a+ b) 

a+b 2 a+b 
2 ·cos(--)+ 1- 2 ·cos (--) 

2 2 
2C + 1- 2C2 

2 1 3 
-2{C -C+-)+-

4 2 
1 2 3 

-2{C--) +-
2 2 

3 < -- 2 

Similarly, since the cotangent function is convex on {Oo,goo), if the triangle is 
acute angled then cot a +cot b +cot c 2': v'3. Now suppose that c 2': goo. Then :-

cot a + cot b + cot c 2 
cot a+ cot b 

· 
2 

+cote 

cot a + cot b ( b) 2 · -cot a+ 
2 

a+b 
2': 2 · cot(-

2
-)- cot( a+ b) 

a+ b cot2(~)- 1 
2 · cot(-2-)- (" .... b) 

2cot T 
2C- C2 -1 

2C 

3 [ 2 1] 
2C C +3 

3 [ 1 2 1 ] -- (C--) +2C-
2C v'3 J3 

2':VJ 

where of course C =cot{~). 
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It should by now be easy for the reader to verify that tan a+ tan b +tan c =::: 3y'3 
and sec a + sec b + sec c =::: 6 for acute angled triangles. By considering isosceles 
triangles with an obtuse angle just greater than goo, one sees that these functions 
are not bounded from below. 

4. Let the angles of the triangle be 2a, 2(3, 21. Then since the incircle ha.s radius 
1, the semi perimeter is cot a+ cot (3 +cot I· Since 0° < a, (3, 1 ::; goo we have 
from a previous exercise that this quantity is greater than or equal to 3v'3 and is 
minimised when a = (3 = 1 = 30° i.e. when the triangle is equilateral. 

5. (The solution presented below is due to Ravi Vakil. It is far quicker, but perhaps 
less obvious, than the solution given by the pr-oposer.) 

Let P be any point, and denote < CAP, ABP and BC P by a, band c respectively. 
Denote < P AB, < P BC and < PC A by x, y and z respectively. 

B c 
Assume for a contradiction that all of a, b and c are greater than 30°. Then 
x + y + z < goo and so each of a, b and c is less than 120°. It follows from this 
(inspect a sine graph if necessary) that sin a, sin b, sin c > 0.5. Now 

sina sinb sine CP AP PB 
-·-·-=-·-·-=1 
sinz sinx siny AP PB CP 

that is, sin a ·sin b · sin c = sin x ·sin y · sin z. Therefore 

0.5 - ~0.5. 0.5 . 0.5 

< .Ysin a· sin b ·sin c 

< 1sin x ·sin y · sin z 

< sin x + sin y + sin z 
- 3 

< . (x + y + z) _ sm 
3 

(
goo) 

< sin 3 
0.5 

Here we have used the Arithmetic-Geometric mean inequality and then Jensen's 
inequality for the sine function. · 
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