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INTRODUCTION

The South African Mathematical Society has the responsibility for se-
lecting and training teams to represent South Africa in the annual
International Mathematical Olympiad (IMO).

The process of finding a team to go to the IMO is a long one. It be-
gins with a nationwide Mathematical Talent Search, in which students
are sent sets of problems to solve. Their submissions are marked and
returned with comments, full solutions and a further set of problems.
The principle behind the Talent Search is straightforward: the more
problems you solve, the higher up the ladder you climb and the closer
you get to selection.

The best students in the Talent Search are invited to attend Mathe-
matical Camps in which specialised problem-solving skills are taught.
The students also write a series of challenging Olympiad-level problem
papers, leading to selection of a team of six to go to the IMO.

The bookets in this series cover topics of particular relevance to Math-
ematical Olympiads. Though their primary purpose is preparing stu-
dents for the International Mathematical Olympiad, they can with
profit be read by all interested high school students who would like to
extend their mathematical horizons beyond the confines of the school
syllabus. They can also be used by teachers and university mathemati-
cians who are interested in setting up Olympiad training programmes
and need ideas on topics to cover and sample Olympiad problems.

Titles in the series published to date are:

No. 1 The Pigeon-hole Principle, by Valentin Goranko
No. 2 Topics in Number Theory, by Valentin Goranko
No. 3 Inequalities for the Olympiad Enthusiast, by Graeme West
No. 4 Graph Theory for the Olympiad Enthusiast,
by Graeme West
No. 5 Functional Equations for the Olympiad Enthusiast,
by Graeme West
No. 6 Mathematical Induction for the Olympiad Enthusiast,

by David Jacobs

Details of the South African Mathematical Society’s Mathematical Tal-
ent Search may be obtained by writing to

Mathematical Talent Search

Department of Mathematics and Applied Mathematics

University of Cape Town
7700 RONDEBOSCH

E‘}l}lihlgtgigaﬁirgigﬁdathematical Olympiad Talent Search is sponsored

J H Webb
June 1996

Inequalities for the Olympiad Enthusiast

Graeme West

In this booklet we discuss standard mathematical inequalities that should be in the
armoury of the olympiad competitor. In earlier years of the International Mathematics
Olympiad, questions using inequalities such as the Cauchy-Schwartz inequality or the
Arithmetic-Geometric mean inequality were commonplace. In more recent times, as
the standard of questions set at the IMO has undergone a substantial increase, the use
of inequalities has become more subtle : competitors are thrown .more onto their own
resources and are expected to be able to decide for themselves what tool is appropriate
in any given situation and to be able utilise that tool correctly. IMO problems have
changed from one or two step problems to multistep problems. The aim of this booklet
is to make the reader fully competent with one of these possible steps : manipulating
with inequalities. On the other hand, routine one or two step problems are of course
prevalent, and rightly so, in competitions such as the National Olympiad.

We begin with my personal favourite, the rearrangement inequality. This is a tremen-
dously powerful but very simple inequality which strangely enough is to a large degree
unknown. Then we deal with the Arithmetic-Geometric mean inequality, the triangle
inequality and the Cauchy-Schwartz inequality. Finally we deal with Jensen’s inequality
for convex and concave functions. (There are some other inequalities involving other
means such as the Harmonic mean, for example, which have been omitted. But such
tools T do not regard as standard and moreover I have yet to find a competition prob-
lem which needs such a tool for the most natural solution. Nor have we dealt with
inequalities that are established, for example, by induction : usually these problems
are problems in induction per se and not in inequalities.) There are a large number of
exercises after each chapter, many from past IMO papers, and comprehensive solutions
at the end.

I should point out that for a number of problems more than one method of solution is
possible. I have tried to include the problem in the most natural section of the booklet,
but comments in this regard are very welcome.



1 The Rearrangement Inequality

The rear.rangemen.t inequality is perhaps the most useful of all the inequalities that we
can consider, and is very simple to understand.

Sonmd?r thef nurr}bers 1,2,...,n. Any rearrangement of these numbers is representéd
y a unique unction ¢, called a permutation. If, for example, we arranged the numbers
1,2,3,4 in the order 3,1,2,4 then we would write

o(l)=3, o(2)=1, a(3)=2, o(4) =14

Note that if we take 1,2,3 g
,2,3,...,n and rearrange them as n,n —1,...,3,2
have the permutation with formula (i) =n + 1 —:. , B then we

The rearrangement inequality says the following:-

Theorem 1.1 (The Rearrangement Inequality)
Suppose £y 2 23> -2z and y1 2 Y2 2 -+ 2 Y. Then

;x;‘yi 2 Y Tile) 2 Y Fitnaii (1)

=1 i=1

for any permutation o.

Example 1.2 Suppose z; 2 z; and y; > y2. Then o141 + z2y2 > z1y2 + 2oy,

Example 1.3 Suppose z; 2 z2 > 73 and y1 2> y2 = y3. Then
Z1y1 + Tayz + Taysz 2 T1ys + 22y2 + T3y

and the other variations, namely =
a 11+ Z2y3+ T3ya, T1y2 +Tay1 +Tays, T1Y2+Taya+
and T1y3 + Za¥1 + Tays lie in between these two extreme values. T I TR

We will shortly give a formal i i
proof of the rearrangement inequality, but fi ider
a fairly convincing intuitive motivation:- 4 rot we consider

Suppose we have n people of weights yy > y2 2 -+ 2 y, > 0 and we have n seats on a
st.ee—saw which are z, > 23 > --- > z, > 0 distance away from (one side of) the central
prO‘:. Then to maximise the moment on that side of the see-saw, we should put tl;?e
h.eawest person the furthest away, the next heaviest second furthest away etf Thi

gives a moment of % ; z;y;. To minimise the moment we should arrange’the ‘ €0 ;s
in the reverse order, and we get a moment of Y%, Z;yn+1-i- Any other arrangerﬁen?:

f P pl i i“ g. "_ € (3 Wi
O the eople I the seats w ive us a moment 0( i 1y i)y SO wl € i
. E,_l .y,(.), a8t re in between

From this it is evident that if there is equality in the expression
Sy 2 S 2o
i=1 i=1

then any pair of people who have changed places in fact have equal mass. Expressed
mathematically, this says that the finite sequence {y:} is the same as the sequence
{¥o(y} Similarly if there is equality in the expression

n n
Zx;y,(g) > Z-Tiynn—i
=1 =1

then the finite sequence {yo(;)} is the same as the sequence {yn+1-i}-

Proof:  (of Theorem 1.1)
If o is a non-trivial rearrangement then there must exist i,j such that ¢ > j but

o(i) < o(j). Therefore y.(i) 2 Y05 and so
Tilots) + TiYoli) — (ziton + T5yat) = (25— ) - (voi = Yoii)) 2 0

as each term is positive. Therefore, modifying o by exchanging o(i) and o(j) increases
the value of T, Tiyio(i)- It then follows that this process will only terminate if the
arrangement o is trivial, and we deduce that

n n
Szyi> Z ZiYo (i)
i=1 i=1
Similarly we deduce that
n n
S siyey 2 S Tiynt1-i
i=1 i=1

Example 1.4 Suppose z,y € R. Then
2 +y° > 2oy (2)
(This is in fact equivalent to the statement of the arithmetic-geometric inequality for
two variables.)
Example 1.5 Show that if z,y,2z > 0 then
2+ y3 +2° > Jxyz
By symmetry we may suppose T > y > z. Then of course £t > y? > 2% and so

z- Pty itz 2 z-y’+y~zz+2~r2

= zy.y+:z.z+y2‘2

—




and zy > zz 2 yz, so

zy-y+zz-rxtyz-z 2 zy-z+zrz-y+yz-zx

3zyz

Note 1.6 In (1) we required that the z,’s and s be arranged in decreasing order.
This is not strictly necessary: all that is required is that the z;'s and y;'s be arranged

in the same order with respect to size. This idea is best illustrated by means of the
following example:

Example 1.7 Show that if x,y,z > 0 then

z z

Z+liZxs

y z z
Note that the expression is not symmetric in z,y,z so we cannot simply suppose, for
example, that z > y > 2. Instead we note that if x,y,2 are is a certain size order

then 2, %,% will be in the same order. So Z + ¥ 4 2 is the largest possible sum, and
I+ 5 + % =3 is the smallest. In particular, f +i+2>3.

Example 1.8 Show that if z,y,2 > 0 then

The expression is symmetric in the variables z,y, z so we may suppose without loss of
generality that £ > y > z > 0. Then

Ty 232 2 Y2

and
‘ 1 1 1
> >
22T 2 T g2

Thus

Ty T2

yz _ Ty T2 Yz z oy
T Sl el ATt T A WA A
22 yz+1.2—-y2+12+22 y+z+z

and so the result follows from the previous example.

1.1 Exercises : the rearrangement inequality

To do some of these exercises you will need to know about the ‘Ravi substitution’ :
when a, b, c are the sides of a triangle, we can take

a=z+y, b¥y+z, c=z+z
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for some z,y,z > 0. The values of r,y, z are determined by constructing the incircle of
K Y . N .

the triangle. In solving inequalities, this is a very useful substitution as we no longer

need worry about all thea +b> ¢ stuff : it’s built right in.

1. Let a,b,c be the lengths of the sides of a triangle. Prove that

a b c 3
> -
-2

22 =t et o

Can equality hold on either side?
(Indian National MO 1989, Question 5)

9. Let a,b,c be the lengths of the sides of a triangle. Prove that
db+c—a)+b(cta —b)+cHa+b—c) < Jabe
(IMO 1964, Question 2)
3. Show that if a,b,¢ >0 then

S+ 1 1 1
_—— 2> -+ T+ -
a3B3 _a+b+C

4. Show that if a,b,c > 0 then

P
@+ Pt Frd o B
at+b+c< %2 + 2a + 26 Sbc+ca+ab

5. Let a,b,c be the lengths of the sides of a triangle. Prove that
abla — bY + Be(b—c) + ca(c—a)2>0
Determine when equality occurs.
(IMO 1983, Question 6)
6. Show that if 0 < z,¥,2 phen
:53+y3+z3_>_yzz+zz:c+:czy
(British MO 1981, Question 3(a))

7. Let {ax} be a sequence of distinct positive integers. Prove that foralln e N

n ak n
DEDD
k=1 k:

=1

ol lad

(IMO 1978, Question 5)




8. The Chebyshev inequality
Prove that ifa; >a; > --->a, >0and by > by > .- > b, >0 then

P VS
9. Prove that if z,y > 1 then

2 The Arithmetic-Geometric Mean Inequality
Definition 2.1 Suppose 1,,%2,...,Z, 2.0. Then

(a) the quantity
Ti+ T2+ -+ ZTa
n
is called the arithmetic mean of the numbers £1,23,...,%n;

(b) the quantity
Vx122° - Ty

is called the geometric mean of the numbers ;,24,...,2,

Suppose z,y > 0. Then the arithmetic mean of z and y is ’—;l and the geometric mean
is /Ty. We can actually show that no matter the values of * and y, we always have
that the arithmetic mean is greater than or equal to the geometric mean :

It is clear thatr (\/_ - \/5)2 2 0. Now multiply out and transfer terms and we get

z+y22\/5\/§

which simplifies to

T 42~ ] > /iy
This is called the arithmetic-geometric mean inequality for two variables. We can ask
in addition : when could we have equality here? Well it is clear that that would only
happen if /= — /5 = 0 i.e. if and only if z = y. Expressed differently : the arithmetic-

geometric mean inequality is an equality if and only if the two numbers featured are
equal.

There is an alternative geometric proof for this inequality which is often worth keeping
in mind. Suppose a circle has diameter of length = + y. It is clear, from the theory of

6

similar triangles, that the length of the perpendicular is \/Zy. Since t,lle length of the
perpendicular is less than or equal to the radius, we have that /7y < £+ and we have
equality if and only if = and y are radii.

x
The arithmetic-geometric mean inequality carries over to the case where we have n

numbers under examination, but the method of proof is less straightforward :

Theorem 2.2 (The Arithmetic-Geometric Mean Inequality)
Suppose £1,Za,...,%n = 0. Then

$1+$2+"'+In2m (4)

n

that is, the arithmetic mean is greater than or equal to the geometric mean. The in-
equality is strict unless all of the numbers 1,2, ..,Tn are equal to each other.

Proof:  We establish (4) by making use of the rearrangement inequality. We may
suppose Tj > I3 >+ 2 Tn. Let

G = Y129 2T

We consider the systems

Ty T2 1Ty Tn
ny Ttz D2 (o)
G G’ ’ Gn
and the inverses of this system, that is,
G G? G* ~1)
$_1’ e P nizyc Te

It follows from Note 1.6 that the minimal pairwise product is n. On the other hand,
one of the intermediate products is

n—2 e m-1
Ty, BT G + r1z223  G? - Ty ETnet G + Ty Tn G
G + G* I, G} x4 Gn-l FTRERY: A G Ty Tpot

b cimplifies t
which simplifies to I_li"izi__i:fl

G

7




and the result follows.

That the inequality is strict unless all of the numbers z,,z,,...,z, are equal to each
other is a consequence of the fact that the rearrangement inequality is strict unless the
rearrangement is trivial. |

Perhaps the above proof is not very enlightening. There is an alternative intuitive
argument which is quite useful. Suppose we have the numbers z,,z3,...,z, and these
are arranged so that 1 > .-+ > z,. We now replace the largest number, z;, and
the smallest number, z,, by #$Zn. We then have a new system of numbers ZitZs,

T2y . 0 Tpt, ﬂ%“ The arithmetic mean of this new system has not changed. On the

other hand, since

2

(242 2
we have that the geometric mean has increased. We now repeat the process over
and over : at each step the arithmetic mean is unchanged while the geometric mean
increases. In the limit (a lot hides behind that innocuous phrase!) the n numbers
under consideration become equal, at which time the geometric and arithmetic means

become equal. It then follows that the geometric mean must have been smaller than
the arithmetic mean in the first place.

Example 2.3 Show that if a,b,¢ > 0 then

a3 a3 Ba b Fa S
S I S+ 2 > 6abe
c b c a b a

We have

a® 3 [ bic

_+‘ab_c+—‘+',,-+5b—“+9:—b ./a:’b adc Ba Bc cBa A3b .
6 c

c

which simplifies to

s
Example 2.4 Supposé z,y,z > 0. Then
3, .3, ,3
%ﬂ > Jx3y323 = zyz
and so
2+ y3 +z2> zyz
In more generality, we have that
Szrzn]]a (5)
i=1 i=1

for z,,23,...,2, > 0.

2.1

Exercises : the Arithmetic-Geometric Mean Inequality

Show that
A4+ +E+d*+abtac+ad+betbd+cd> 14

if a,b,c, and d are positive real numbers whose product is equal to 2.

. Prove that n!-< (21)" for any integer n > 1.

. Let a, b, c be the lengths of the sides of a triangle. Prove that

abe>(a+b—c¢)-(b+tc—a)-(cta—1b)

. Let a,b,¢ > 0. Prove that

abc> (a+b—-c)-(b+c—a)-(cta—"b)
(British MO 1981, Q3(b))

. Given a triangle ABC, let I be the centre of its inscribed circle. The internal

bisectors of the angles A, B, C meet the opposite sides in A’, B',C’ respectively.
Prove that ! AL-BI.CI 8

1<Aa- BB -CO -7
(IMO 1991, Question 1)

. Show that of all triangles with a given perimeter, the equilateral triangle has

greatest area.

. PQRS is a quadrilateral of area A. O is a point inside PQRS. Prove that if

24 = OP? + 0Q* + OR? + 05?

then PQRS is a square and O its centre.
(Australian MO Inter-State final 1985, Question 3)

. Show that if z,y,z2 > 0 and z+y + z = 1 then

7
0§a:y+yz+za:—21:yz§é7

(IMO 1984, Question 1)

Let ay,as,...,a, be positive real numbers, and let S; be the sum of products of
a1,0z,...,4, taken k at a time. Show that

SkSn-k 2 (C})?araz-+-an

forl<k<n-1
(Asian Pacific MO 1990, Question 2) -

9



3 The Triangle Inequality

We now consider the most elementary inequality, namely, the triangle inequality. You

should already have had substantial experience with this inequality. Unfortunately, the
. . )

exercises are not so easy and that’s why this section was not the first section.

The easiest way to think of the triangle inequality is in the plane : suppose we have
two vectors z and y. Then the rules for vector addition determine the sum z + y :

R T

The triangle inequality says that the length of z + y is less than or equal to the length
of z plus the length of y, or, expressed as a formula,

flz +yll2 < lizllz + Nyl

Here | - ||z is the usual symbol for the length of a vector. Recall that the length of a
vector is defined to be

(1, 22)ll2 = Y0z + [zaf?

This is known as the Euclidean norm of the vector (z;, z3). Thus
Vigr+ i+ lz2 + 02 < Vil + [zl + Vo + 3P
Also, when we are dealing with numbers on the real line, we have the triangle inequality

[z +y| < |z + ly|

for z,y € R.

Now these ideas are valid not only on the real line or in the plane but in any dimension.
In R", we define the Euclidean norm of a vector (zy,z,,...,z,) to be

Nz, 22, T2 = @ ©

and then the triangle inequality will still hold. We can state this as a theorem.

Theorem 3.5 (The Triangle Inequality)
Suppose (z,,13,...,2,) and (y1,¥2,.-.,Yn) are vectors in R*. Then

\Jih-‘ +ul’ < \]Z": leif + Jilyel’ (7)

=1 i=1 =1

10

3.1 Exercises : the Triangle Inequality

1. In the plane there is a finite set of points, no three of which are collinear. Some
points are joined to others by line segments, with each point connected to no more
than one line segment. If we have a pair of intersecting line segments AB and
C D we decide to replace them with AC and BD, which are opposite sides of the
quadrilateral ABCD. In the resulting system of segments we decide to perform a
similar substitution, if possible, and so on. Is it possible that such substitutions
can be carried out indefinitely?

(Tournament of the Towns 1984, Junior Question 3)

2. Let f and g be real-valued functions defined for all real values of z and y and
satisfying the equation

flz+y)+ flz —y) =2f(=) 9(v)
for all z,y € R. Prove that if f(z) is not identically 0, and if |f(z)| £ 1 for all «,
then |g(y)| < 1 for all y. v
(IMO 1972, Question 5)

3. Let d be the sum of the lengths of all the diagonals of a plane convex polygon
with n > 3 vertices, and let p be its perimeter. Prove that

2d nl[n+1
_3< 2 <2 —2
n-3< P < [2] [ 2 ]
where [z] denotes the greatest integer not exceeding z.
(IMO 1984, Question 5)

4 The Cauchy-Schwartz Inequality

Theorem 4.1 (The Cauchy-Schwartz Inequality)
Suppose (£1,%2,---,Tx) and (y1,¥2,-- -, Yn) are vectors in R*. Then

En:xiy-' < J}:‘ZII-’IQ . \li:ly-'l2 (8)

i=1

This inequality is strict unless one of the two vectors (21, T2, -2 Zn) and (Y1,¥25- - ¥n)
is @ multiple of the other.

Proof:  We will establish this inequality by making use of the theory of discriminants
of quadratics. Suppose we have two vectors (21,22, .--,Ta) and (Y1592, .- ,¥a) in R™.
We consider

f(t) = En:(x-'t + )’

=1

11




w};xch 1fs a function of the real Yariable t. 1t is clear that this function takes on positive
values for all t € R. Now multiplying out and grouping like terms we get

() = (Z"; 1;2) &+ (2 g z.-y.') t+ (g yiz)

which is a quadratic in the variable ¢ So fi
: - So f is a quadratic which tak iti
values, and so it must have discriminant A < 0. That means s om enly positive

i=1

(Ba) = (=) ()

. . . . '=1
which is what is required. We can have equality if and only if A = 0, which occurs if

and only if the function f(¢) tak i
ot Tt e functio t}{it) akes on the value 0 for some (in fact, exactly one) value

which simplifies to

2(zt+y) =0
=1

hich ) o .
::/ecxtcorsn(leans that z;¢ +y; = 0 for ; = L,2,...,n. That means that one of the two
T1,%2,...,2,) and (y;,ys,,... »¥a) is a multiple of the other. |

(';[;h:lll:est tf)or wfhen the Cauchy-Scbwartz inequality is an equality is crucial in the solutjon
umber of problems, sa it is important that it is properly understood. For example

the vectors (3,4,5) and (6,8, 1 . .
And then we Yget ) (6,8,10) are multiples of each other, since (6,8,10) = 2:(3,4,5)

3-6+4~8+5-10=100:\/37+42+57-\/62+87+102

" ) -

E{l?tw?;/e;, 51)5 a muitlple of 1s not a symmetric relation : (0,0, 0) is a multiple of (3,4 5)
»#9) 18 not a multiple of (0,0,0). It is this rather annoyi i il th

: , . S ying little detail that

made us say that mouthful in the statement of the theorem, rather than just saya'

‘This inequality is strict unles i
s (T1,%9,..., 1 i i
would be a false statemént. SRR ) 1 2 multiple of (13300 whih

The Cauchy-Schwartz inequality has already been stated in two equivalent forms, and
3

now we state a few more whi i ili
pow which are abvious but deserve to be made familiar. Firstly we

n 2 n n
(;:;y,-) S';Isz . gy.—’ (9)

The following two forms hold only if z;,z,,..

positive: »Zn and y1,ya,...,y, are known to be

;@S,‘gri - ,’gy; (10)
12

(g\/}i—%)zgiz; : X":y; (1)

i=1 i=1
and the test for when there is equality remains the same. This last form is especially
important because it is never obvious when it is begging to be used! In the final analysis:
the Cauchy-Schwartz inequality gives important information about the product of two
sums. Whenever information is needed about such a product in a problem, use of the
Cauchy-Schwartz inequality should be suggested.

Note 4.2 It follows from the rearrangement inequality that in dealing with the case of
the Cauchy-Schwartz inequality where all of the numbers are positive we may whenever
it is convenient assume z, > Z > - > zp and y3 > y2 2> -+ 2 yn. In (8) this

assumption maximises the left hand side and leaves the right hand side unchanged.

Example 4.3 Use the Cauchy-Schwartz inequality to find the maximum value of
f(z,y,2) =3z +y+22

given that 22 + y2 + 22 = 1.
We consider the two vectors (z,y,2) and (3,1,2). Then

Brty+2:)° < (P 4+yP+27) (B +17+2) =14

and so 3z + y + 22 < V14, It would be reasonable to hypothesise that the maximum

value is in fact /14, but this would be jumping the gun. So far we have only shown
that /14 is an upper bound for 3z + y + 2z, not the least upper bound.

To do this, we test for when the Cauchy-Schwartz inequality yields an equality : we
need some A € R such that £ = 3%, y = A, 2z = 2X. It is then easy to show that
A= 711—4 and hence

z =

3
= —, = y
vie YT Ui
2z does in fact take on the value v/14.

-
K

+

gives us values for which the function 3z + y

4.1 Exercises ;: the Cauchy-Schwartz Inequality

1. Show that if #1,z,,...,z, are all positive then
ANOEEY (12)
=1 i=1 Ti

and determine when equality occurs.

13



2. Show that
n n 2
nz:z? > (ZI,’) T (13)
=1 i=
3. Use the Cauchy-Schwartz inequality to find the minimum value of
2

ﬂLyJ)=$2+yLF%

given that z +y + z = 10,
4. Suppose z,y,z > 0. Use the Cauchy-Schwartz inequality to show that

1 1

(z+y+2) o
+y y+2+z+a:

> 9
-2

and hence show that
y z
+
y+z z+4z + Tty

2

L= oL

5. Show that if a4+ b+ ¢ = ] then a2+bz+c2>§and Lylylsg
. ‘ = aTET 29
6. Prove that the polynomial
z4+13+a1:2+b.1:+c
does not have all its roots real when a,b,ce R ahd a>?2
3

7. Prove that the polynomial

$5+ﬂ$4+bxa+czz+da:+e

does not have all its roots real when a,b,c,d,e € R and 242 < 55,
(USA MO, 1982, Question 2)
8. ;h:atr;z?bers a,b,0y,a3,...,6,0_5 are all real, and ab # 0. All the roots of the
az” —az" ' fage™? 4. g an23’ ~n?bz + b=
are real and positive. Prove that all the roots are mutually equal.
(Australian MO 1986, Question 6)

9. Given that a,b,c,d,e are real numbers such that

at+b+c+d+e
48+l et = 16

|
-3

determine the maximum value of e.

14

10. Suppose a, b, ¢, d, m,n are positive integers satisfying

A+ +E+d = 1989
a+btc+d = m?

max{a,b,c,d} = n?

Determine a, b, c,d, m,n.
(Submitted by Ireland to the IMO, 1989}

11. Let ay,as,...,a, be positive real numbers, and let Si be the sum of products of
ap,aq,...,a, taken & at a time. Show that

SkSnak 2 (C:)zalaz SRR

for1 <k<n-1.
(Asian Pacific MO 1990, Question 2)

12. Suppose that a;,as,...,a, are real (n > 1) and
n 2 1 n 2
A e —(Ya
+§a, < —— (?;;a)
Prove that A < 2a;a; for 1 <i<j < n.
(Putnam Competition No 38, Question BS)
13. Find all real numbers A for which there exist non-negative real numbers z,, ..., s
satisfying the relations
5 N 5
A5 Y BPo=4 ; Y Kz =4
k=1 k=1 k=1

(IMO 1979, Question 5)

™
Eead
8
kel
I

14. P is a point inside a given triangle ABC. D, E, F are the feet of the perpendiculars
from P to the lines BC,C A, AB respectively. Find all P for which

BC  CA  AB
PD  PE ' PF
is least.

(IMO 1981, Question 1)

15. Let S be a finite set of points in three-dimensional space. Let S, S,,S, be the
sets consisting of the orthogonal projections of the points of S onto the yz-plane,
zz-plane, zy-plane respectively. Prove that

ISIZ < lS:l : |Sy| . ISZI

15



where |A| denotes the number of elements in the finite set A. (c) Any quadratic function with positive leading coefficient is convex.

Note : the orthogonal projection of a point onto a plane is the foot of the per-
pendicular from that point to the plane.

(IMO 1992, Question 5) ) (d) The exponential functions are convex.

(c) The function f(z) = cosz, defined on the interval [90°,270°], is convex.

Definition 5.3 f is said to be concave if

f(I);f(y) sf(’—%g)

5 Jensen’s Inequality

Is this section we discuss an inequality which is quite different to the inequalities we d
have discussed in previous sections : all of our previous inequalities involve vectors for all z and y.
from R™, or more generally, finite sequences of numbers, whereas Jensen’s inequality is

more gene e A
concerned with a special class of functions on the real line known as convex or concave : - | T~
functions. These functions derive their names from the corresponding terms in the !K // \ ,\“,;
study of optics. "'L_‘d\ el . [N
Ry i) Vi : e
Throughout we suppose that a function f is defined on some interval of the real line. 2! / ! i
Typically this will be the set [0, 00) of all non-negative numbers. l; ! !
o - ' :
Definition 5.1 f is said to be convez if | / : : i
i 1
[0 5 (240) - ; '
2 - 2 Lo P
. x XY 3
for all z and y. =

Examples 5.4 (a) The functions f(z) = —x?, defined on all of R, is concave. In fact,
if f is a convex function, then — f is concave, and conversely.

£

(b) The function f(z) = z°, defined on all of R, is concave in the interval {—oco,0] and
convex in the interval [0, 00).

Ly +El) |
2

(c) The function f(z) = /% is concave on its natural domain, [0, 00)-

m*-—-———-———\\

%{5’-‘3’) (d) The logarithmic functions are concave.
2 .
N {€) The function f(z) = sinz, defined on the interval [0°,180°), is concave.
(f) The function f(z) = cos z, defined on the interval [—90°,90°], is concave.
that these functions are convex or concave; very often
E les 5.2 The functi = z? and = z! v We have not stopped to prove - ; very :
xanzgnifex. (8) The functions f(z) = =" and f(z) = =*, defined on all of R, are b this is quite difficult. We can, for example, verify that the function f(z) = sinz 1s

concave on [0°,180°] :
{b) The functions f(z) = z™ for any n € N, defined on the interval {0, 00), are all

. . .- irty
convex. . sinz + siny — sin (z+y)-cos( y>§sm( ! )
' 2 2 2
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For those of you who know anything about calculus : if a function has a second deriva-
tive, then the function is convex if and only if its second derivative is positive and
concave if and only if its second derivative is negative. This provides a quick test for
convexity and concavity. (In this regard we should note that in some calculus textbooks
convexity is called ‘concave up’ and concavity is called ‘concave down’.)

For our purposes you should draw a diagram of each of the functions listed above and
satisfy yourself that they seem to be of the type mentioned.

Theorem 5.5 (Jensen’s inequality)

(a) Suppose f is convez. Then for anyz1,z,,...,z, belonging to the definition interval

we have (1: - ) Flen) 4+ fe)
f(3 ez, < )+ - T,

n n

(b) Suppose f is concave. Then for any z),2,,...,z, belonging to the definition in-

terval we have
flz)+ -+ f(zn)
n

Sf(zl+...+z")

n

Provided that the function f is not a straight line on any part of its domain, the in-
equality is strict : there will be equality if and only if the numbers z,,---,z, are all
equal.

Proof: We establish the case where f is convex; by judicious insertion of minus
signs this will prove the concave case too.

We will establish this result by means of what is often referred to as ‘backwards induc-
tion’. That the result holds for n = 1 is a tautology and that it holds for n = 2 is the
actual definition of convexity. Suppose the result holds for some value of n, we show it
holds for 2n. We have

f (1?1 4.4 I2n) - (:1+""'+In + zn+l+"|“+:2n)

2n 2
Zit-try Tnpr1++22n
D G B A G )
- 2
f(z) 4+ f(zn) + J(Zng1)++S(*2n)
< n n

2
flz) + -+ f(zan)
2n

Thus the result holds true for all positive powers of 2. To finish the proof, we need to
show the ‘backwards’ step : if the result is true for n + 1 then it is true for n. Suppose

18

we have the values z,...,z,. Let £,4y = 252428 Then note that

Ti+- -+ Tn  T1t 4 Taq

n n+1

T4+ T (Il+'-'+1n+1>
f( n ) =/ n+1

flz) 4+ f(Zanr)
n+1

_ )bt fla) | S ()
n+1 n+1

= (1) f (B < fm) 4+ Chen) + (R

:>f(11+"'+1n> < f(zl)++f(1n)

n

and so

Example 5.6 Show that if z,y > 0 then

1
24y > Z(l‘+y)3

The cubic function f(z) = z% is convex for z > 0. Hence by Jensen’s inequality we
have

24y S (z+y)3
2 2
from which the result follows by multiplying through by 2.

Example 5.7 The square root function is concave on [0,00). For any zj,...,z, > 0

we have
\/I_1+"'+ /1;"< i+ -+,
n _V n

(Vai+ -+ yE) Sn- (a4 +24)

and so

5.1 Exercises : Jensen’s Inequality
1. Show that if r,y,z > 0 and r+ y + z =1 then

oyt

W —

and hence show that
zy+yz+zz <

Wi —
f

19



2. Draw graphs for each of the six trigonometric functions on (0°,180°} and decide 6 Solutions
on concavity and convexity of these functions.

3. Suppose a, b, ¢ are the angles of any triangle. Show that 6.1 The Rearrangement Inequality
) 33 1. Without loss of generality a > & > ¢. Thena+b6 > a+¢ > b+ c and so
sina +sinb+sine < > ﬁ > ulc > c.lﬂ Therefore
csca + cscb+csce > 2\/§ a + b + c S b " c + a
3 > — =
cosa+cosb+tcosc < o b+c c+a a+bd b+c¢c c¢c+a a+bd
2 a + b " c S ¢ 4 a 4 b
cota+ cotb+cotec > V3 b+c c+a a+b T b+c c+a a+bd
and so
and if the triangle is acute-angled, then ) a b N ¢ S b+e N c+a a+b _
¢ +tanb it S 3\/3 b+c c+a a+b) " b+c c+a a+b
ana-rtan b+ ane ; 6 and of course we have equality in the case of an equilatera] triangle.
secatsechtsece = For the other inequality, we perform the Ravi substitution. Then
Show that no suitable inequality holds in general for the tangent and secant a N b N c T4y y+z 24z
functions, that is, the functions tana + tan b + tanc and seca + secb + secc are b+c cta a+b  z+22+y y+2r+z z+2y+a
unbounded from below. z+y y+z + = +z
4. Prove that amongst all triangles whose incircle has radius equal to 1, the equilat- _ : tzty ytzt+z z4y+c
eral triangle has the shortest perimeter. =

(Nordic Mathematical Contest, 1992}

(V]

. After applying the Ravi substitution we find that we are required to show that

2 2 2 2 2 2
>
5. Let ABC be a triangle and P an interior point in ABC. Show that at least one Ty tziztyr+yz+ziz+ 2y > 6zyz
of the angles < PAB,< PBC,< PCA is less than or equal to 30 degrees.

(IMO 1991, Question 5)

There are at least three ways of establishing this inequality:-

(a) The expression is symmetric in z,y,z and so we may suppose = > y > z.
Then

2y > 2z > yz
. and hence
zo2yty-yz+z-xz2z-yz+y-rz2+2z-2y
and likewise
zrrzz4y-Tytzyz2z-yz+y-rz+z-zyY

both from the rearrangement inequality. Adding these two equations together we
get the required result.

(b) The second method uses (2) :-
:t:zy + 22z + vz + yzz + 22z + 2ty
r y Tz y oz
-+ = +(—+—>+ =+ =] Tyz
y z z oz z oy
24242] zyz
6zryz

v
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(c) Finally, the Arithmetic-Geometric mean inequality can be used : try this
question again when you get there.

. Without loss of generality, @ > b > ¢. Then ab > ac > bc and FIE >L> L
Hence

@+ +E 4 + b® + c®
P Ry TS
a® b® I

pd

o I

a2 bZ c2

5 B

a? b2 c?
> 44
2 +b3+c3
_1,1,1

a b ¢

. Without loss of generality a > b>c. Then 2 > } > % and a? > b? > ¢%. Hence
2 b2 c2 {22 bZ c'z
i)+ (4245 )22a+b40)
c a b b c a
P RE B d BA S B8
AN RSO I AT i a2
2(bc+ac+ab> - (ca+ab+bc> + (ba+bc+ac)

. After making the Ravi substitution and some lengthy but routine manipulation,
we see that the required inequality reduces to showing that

and

P4y’ 4+ 22y 2 zyz(z+y+2)

Now clearly this expression is not symmetric in the variables z,y, z, so we cannot,
for example, simply suppose z > y > z. Thus in principle there are six orderings
of the variables z, v, z to consider. But always there will be some cyclic symmetry
as is evident here:-

First suppose £ > y > z. Then zy > zz > yz and z? > y? > 2%. Hence, using
these two systems in the rearrangement inequality, we get that

zy-y2+:::z-z2+y2-22_>_zy-22+:1:2~y2+y2-:1:2

By cyclic symnetry this also deals with the case wherey > z 2 zand z 2z 2 3.

A similar argument works for the case z > z > y and this also covers the case
y>z>zand z 2y 2z

22

6.

6.2

Whatever order of size z,y,z are in, r?,y? 22 are in the same order. Hence, by
Note 1.6 we have

z~:::2+y~y2+2~222:::-22+y'1:2+2-y2

. Suppose n € N. By the rearrangement inequality the expression Z — will be

k=
smallest when a, > --- > as > a;, so we can suppose this is the case Then in
fact a, > kfor 1 <k S n. Thus

Vl.ak n k n

k=1

x| =

. From the rearrangement inequality we have that

Saibi =Y aiby
i=1 i=1

for any permutation o. We take the following n permutations in turn:

1 23 - n—2 n-1 n;
2 34 - n—1n 1;
3 4 5 n 1 2;
n 12 ---n-3 n-2 n-1

Adding up the n resulting equations up gives us the required result.

. Sincez,y > l wehavethatl <z < z?<--- <z"landl<y<y? <--- <yl

Hence by the Chebyshev inequality we have

n- Zr'y'<Zx Ty

i=0 i=0

which, when using known facts about geometric progressions, simplifies to the
required expression. ’

The Arithmetic-Geometric Mean Inequality

. By the Arithmetic-geometric mean inequality we have

ab+ ac+ ad + be+ bd + cd
6

Vab-ac-ad-bc-bd- cd

Vabed
V2

23




and likewise

2 420 2. 02
e+t +d > Vat 2.

Vabed
= V2 -

i

Thus

P+ +d® tabtact+ad+be+bd+ed>6V2+4V2 > 14

. Consider the numbers 1,2,3,...,n. By the Arithmetic-Geometric mean inequal-

ity,

n
Simplifying this gives us that n! < {241)". But certainly this inequality is strict
because the numbers 1,2,...,n are not equal - because n > 1.

. After applying the Ravi substitution we find that we are required to show that

2y + 2z +y'z + yzz + 2%z + 2%y > 6zyz

which is easy to establish :

2, 4 42 2 2 2,4 2
zy + 2+yxzyz+2 t2%y > \°/12y.1;2z.y71:.y2z-271:.22y
Tyz

\

. We may suppose a > b > ¢ > 0. Now these numbers form the lengths of the

sides of a triangle iff @ < b+ c. If this is the case, then the result follows from
the previous exercise. If it isn’t, then the right hand side is negative, and the left
hand side is positive, and so the inequality is quite trivial.

A

. Now #4; = £ since BI'bisects < B. Hence

which is a standard result that deserves to be memorised. It is now easy to see

" that we are simply required to prove that

1 (a+b)(b+c)c+a) 8
15 Tatbrop S5

From the Arithmetic-Geometric mean inequality we have that

\,/a+b bt cta L[ a+b b+c L cte 2
a+b+c atbt+c a+b+c—3|la+btc a+btc a+b+e]l” 3

24

and so

(atB)(bte)cta) &
(a+b+c)P - 27
For the other inequality, we use the Ravi substitution, and from this it easily
follows that we must show

(y+2:z:+z)(z+2y+:::)(:z:+2z+y)>2(.’c+y+z)3

Now this is apparently true, since we can consider the following factorisation of
the left hand side :-

(y+2z+z2)(z+2y +2)z+22 1)
(y+z+2)+z]-[z+y+z)+y]-[(z+z+y)+2]
= (y+a:+z)3
+ z(z+y+zl+@y+etz)y-(z+z+y)+y+z+2)’ -2
+ ooy (etzty)+tata) -y zta (zHy+a)z
+ zyz
> 2(:l:+y+z)3

. By Heron’s formula for the area of a triangle, we have

A= Jzyz(z +y+2) (14)

where a =z +y, b=y +2, ¢ = z+ z are the lengths of the sides of the triangle.
By the Arithmetic-Geometric mean inequality,

3
e < (F5)

A = Jryz(z +y+2)

< (Y e
(z+y+2)

3v3
And this maximum is attained when the Arithmetic-Geometric mean inequality
is an equality i.e. when the terms used there are all equal, i.e. when z =y = 2.
This happens when the triangle is equilateral.

and so

7. With angles at O as indicated,

4A

20P-0Q -sina+--+--+--7)
(OPZ+OQ2)sina+~-~+~'+~--
(OP’+OQ")+---+---+---
2PO* + 0Q* + OR? + 0S?)

IAIA

il
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P

ol

¥0

S R
Th.e first inequality is strict unless OP = OQ = OR = OS and the second is
strict unless sina = --+ = 1. Hence equality implies that the diagonals are of

equal length and are bisected at right angles at O. So the quadrilateral is a
square with O as its centre.

. From the hypotheses it is clear that at least one of the numbers, say z, is less
than or equal to % Thus ’

TYy+yztz—2zyz = (z+y)z+ (1 — 22)zy > 0

Using the same trick and applying the Arithmetic-Geometric mean inequality,

Iy+yz+zz—2:cyz—1

27
= G4yt -2)my - -
= (1*Z)Z+(1—2z)zy-—%
< (1—z)z+(1—212)(7”;3’)2*577
= (1—z)z+(1—2z)(1;z)2;l7

= -[4-27-(1—z)z+27-(l—22)(1—2)2—7-4]

4.27
1
= I3 (14272 — 5459
1
_ _ 2
] T (32 —1)*(62+ 1)
<0
9. Consider a set of k of the numbers a,, ay,..., 0y, denoted by a;,, q;,,. .., q;, where
1<iy < <i; <n Then ’ '

Sk = Z @;,a;; - --a;,

1<i < Cig&n

Thert? are C}' objects in this sum, and so by the arithmetic-geometric mean in-
equality we have

E':'
S 2 C: H G Qi - - a,»h)

1<i3 < <ix <n

26

6.3

@

= C} ((alaz...an)Ci‘I}) s
= Cf (a1az2---ay)

since each a;; appears CrZl times in total.

Hence .
k n-k 2
SiSu_k 2 CRCI_i(ayag -+ an)»t n = (Cp)araz-+-an

(You would have noticed that this solution provides more than what the question
asked for. For a simpler minimalistic solution, see the section on the Cauchy-
Schwartz inequality.)

The Triangle Inequality

. Since there are finitely many points, there are only finitely many possible config-

urations for the line segments. Thus the only way we could.carry out this process
indefinitely is if we could find some repeating ‘loop’.

However, this is impossible : suppose AC intersects BD at E, and we replace
them with AB and CD. By the triangle inequality

AC+BD =AE+EB+CE+ED> AB+CD

Hence the total lengths of all the segments decreases with each substitution, and
so we cannot ‘loop’.

. Let M be the supremum of all the values of |f(z)|. Note that we are told that

M > 0. Then for any z,y € R

2f(2) lgw)l = 1f(=z+y)+ flz—y)l
< 1fz+y)|+f(z —y)i
< M

and so lg(y)| < I!ﬁ)l for any z such that f(z) # 0. We now choose £ € R

such that |f(z)] is very (one says arbitrarily) close to M. It then follows that
lg(v)l < L.

Consider the convex polygon AgA;A;. .. A,-1, with the subscripts reduced mod-
ulo n. Let A;A; be a diagonal. Then by the triangle inequality,

Aidj + A Aj > AiAin + AjAj

When we sum these inequalities over all 1n(n — 3) diagonals A;A;, each diagonal
occurs twice on the left, and each side occurs n — 3 times on the right; so we get
2d>(n—3)p,orn~3<3;4. -
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and so the minimum value is at most 2.5. As usual, we test for when the Cauchy-

To obtain the upper bound, consider the diagonal 4;A;. Since it is the shortest Schwartz inequality yields an equality : we need some A € R such that

path connecting A; and Aj, it is shorter than each polygonal path joining its 2
endpoints. Thus we have both =V2\

= /\ = A‘ —_— =
z T y \/2‘
AA; < A4+ AjaA '
AA; < AAj+ -+ A A; It is then easy to show that A and hence

If n is odd, say n = 2k — 1, use for any diagonal A;A; that of the two inequalities T=25 y=25, z=5
above w1th fewer terms on the right. When we sum these 27(n — 3) inequalities,

gives us values for which the function does in fact take on the value 2.5.
we get a d on the left, and on the right a sum of side lengths where each side

appears exactly 2+3 4 -+ k1= Ik(k = 1) — 1 times. Therefore 4. Making the substitution P = z + y,Q = y + 2, R = z + z we find that we are
required to show that
—-1
d< (L(L—1)_2) (E;_I"T_)

(P+Q+R)[P+Q+R] 9

If n is even, say n = 2k, use the same inequalities as above except for diagonals
A;Aiyr : for these ‘diameters’ use the inequalities A; iAizk < £ Summing these

! which follows from (12) in the case n = 3.
zn(n — 3) inequalities, we get
? p The second part follows immediately from the first.
d < k-S4 o(k(k—1)-2
2 * 2( ( /=2 5. By considering the vectors (a, b,c) and (1,1,1) we have that
p -
= Sk — -9 .
2(‘*(’5 1) +L) 1=(a+b+c)2s(a2+b2+c2)3
-3 A
2 and the first result follows. The other is immediate from (12).
p(n '
) (T - 2) he 6. Let the roots of the polynomial be ry,...,r4. Then
3
Finally it is very easy to show that for even n, "T [ ] [——‘*—] and for odd n, ZT.' =-1, }:Tﬂ‘j =a> 3
== * iz
Hence
The Cauchy-Schwartz Inequality : 1= (-1)

. By (11) we have = (Z"’)

(ZJ-)-(Z ) (Z zi— )2= 2 : = 2T+ Dot

i#5
i=1 1% i=t

_ = 2a+ Z rs
Clearly there can be equality if and only if the z;’s are all equal. i

6
. This follows from (9) by putting all the y;’s = 1. (It also follows from the Cheby- . > g+
shev inequality - see Section 1.)

1 2
. We consider the two vectors (z,y, 7’;) and (1,1, \/5) Then = 4 ;r
0=z+y+z< (x’ Yyt 4 lz’) (14142 =4 (12 N lzz) That this is impossible follows from (13). B
- 2 2
29
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10.

- We have, by the usual connections between roots and coefficients of polynomials

7. Let the roots of the polynomial be T1,...,7s. Then ¥;r; = —a and i TiT; = b.

Hence

R
it

- ()
23 i+ Y r?

5 T
= 2b+ zr?

4a?
> T+;r?

a?
>z > Sort
[

The result now follows as in the previous exercise.

that if z;,z,,..., 2, are the roots then ’
Tittz, = 1
1 1
— 44— = p?
I Tn

The result now follows from (12).

. We put
8—e = a+4+b+c+d

16 —e® = a®4+ 82+ 4 a2
By the Cauchy-Schwartz inequality we have

atbtec+d<VI+I+1 41Vl + B+ a2

and so (8 — e€)? < 4(16 — €?). Upon simplifying we find that e(5¢ — 16) < 0.
It follows that t}:g maximum value of e is %, and this is indeed attained when
a=b=c=d=18

2.

We may suppose that n? =a > b > ¢ > d.

By (13)‘we havethat m>=a+b6+4+c+d < v2- /1989 < 90. Hencel <m < 9.
Also, m =.(a+b+ c+d)? > a®+ 6+ +d* = 1989, and so m > 6. Furthermore,
since 1989 is odd, a + & + ¢+ d must be odd, and so m is odd. Thus m = 7 or
m=29,

We now eliminate the possibility that m = 7. f m = 7, then

L+ d® = 1989
nPtbtctd 49

30

11.

and so 2401 — 98n% + n* = (49 —n?)’ = (b+ c+ d)? > B2 + & + d* = 1989 — n?,
and so 2n* — 98n? + 412 > 0. This is a quadratic in the variable n?, which has
roots at (about) 45 and 5. Thus n? > 45 or n? < 5. It is easy to see that neither
of these options is possible. Thus m # 7.

Thus m = 9, and so
nt b+ 4 d 1989

nf+b4c+d 81
So 1 £ n < 8. Furthermore, 81 = n? + b+ c+d < 4n?, and son > 4. But
1989 > n* and so n < 6. Thus n = 5 or n = 6.
We now eliminate the possibility that n = 5. If n = 5, then

¥+ +d = 1364

bt+c+d = 56
and of course 1 < d < ¢ < b <25 Then
19? (75— (b+c+d))?

(25— 8) + (25 — ¢) + (25 — d))?
(25 — 6)2 + (25 — ) + (25 — d)?
3.252 —50-(b+c+d)+b+c?+d°
439

which is impossible. Thus n = 6 and ¢ = 36.

I

A2 |

i

We now need to solve
B+l +d = 693
b+c+d = 45
Then clearly b,¢,d < 26. Also, 693 =¢ 5, while z? =35 € {0,1,4,9}. Therefore
b?, ¢*, d* are 0,1,4 modulo 16, in no particular order. We concentrate on the
odd number, which must belong to {1,7,9,15,17}. Clearly the sum of the two

even numbers is congruent to 2 modulo 4, and so the odd number is congruent to
3 modulo 4. Thus it is either 7 or 15.

By some systematic experimentation we arrive at d = 12, ¢ =15, b= 18.

Cr/aa; an = Vaaz---ay,

1< < <ig<n

aras - an
1< <<ik<n Gir @iy " " Giy

TRy

Z @iy Giy * "7 G4y E a; A - a;

1< < Cig<n 16 <€ T *
VSk \/Snk

31
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12. We should be motivated to try and use (13)

13.

in this problem. Furthermore, the
presence of the number n — 1 (rather than the number n) suggests that we should

somehc:w jget rid of’ one of the numbers. The manner of doing this is suggested
by the ‘mixed term’ 2a;a;. So we form a new system of n — 1 numbers (c:) where

G =01, =02, ..., Ch2 =anog, Cuo1 = Gpy + ay
and then calculate:
n n 2
(n—1) [A+ zaz] < (zai)
=1 i=1
n—1 2
- (4
i=1
n—1
(n-1)3 ¢
=1

= (n-1) [Zn:a? + 2an,1an]

i=1

A

from which it follows that A < 2ay,.1a,. The general result then follows because
we may of course suppose that a,_, and a are the smallest of the a;’s.

Notice that if we multiply the kth terms in the first and third equation we get the
square of the kth term in the second equation. The same is true for the powers of

S us f uc, y-S tz . g ax = k k= k
A o] € O Ca h ChWa,l 15 suggested Iuttlll a Vkl aIld b \/k z

A4 — (A2)2

IA
Ma‘
o
3
™
=,
-

So the Cauchy-Schwartz inequality i i i
quality 1s actually an equality, and so there exists
A € R such that Aay = b, i.e. MWk = Bz, or Ak, = kPzyfor 1 < k<5,

From this it i.s easy to see that either all of the z;’s are zero or exactly one is non
zero. These six different possibilities easily yield the solutions A = 0, 1 4,9,16,25
* Y k] -

32

14.

Let BC = a,AC = b,AB = ¢,PD = z,PE = y, PF = z; we are required to
minimise ¢ + & + £. In order to use the Cauchy- Schwartz inequality, we should
try to find another function of a, b, ¢, z,y, z that we can compare this one to. The
construction tells us that az + by + cz is a constant K, namely twice the area of
the triangle. Hence we get that

K(E+E+S)
T oy oz

i

a b ¢
b —_— ==
(az + y+cz)(z+y z)

)

(a+b+c)?

v

which is another censtant. Our quantity will be minimised when we have equality
here, i.e. when

a:«vz)\g
z
b
by = M-
)
cz = AS
z

for some A € R. It follows trivially that z? = y? = 22 = A\, soz =y = z, and P
is the incentre of the triangle.

. The proof will be by induction on the number of members in the set. If {S] =1

then |{S,| = |S,| = |S:| = 1 and so the result is trivially true. Suppose now the
result holds true for any set S such that |S| < n. We now show that it holds true
if [S| =n.

Take such a set and consider the collection of planes which are parallel to the zy-
plane. If possible, choose such a plane that divides the set S up into two parts,
the part 5! below the plane and the part S? above the plane. It is required that
none of the points of S actually lie in the plane.

The only way that such a construction would be impossible is if all the points
of S lay in one particular horizontal plane. If so, then we simply ‘rotate’ our
perspective and again look for a suitable plane. If this is again impossible, then
all the points lie on a single line, and we ‘rotate’ again. If the construction is
again impossible then S must be a single point : and we have already dealt with
that case.

So suppose that the set S has been divided up into S! and 52 as described. Then
{S.] < ISH + |82, |S=| = |SH + 1S?| and |S,| = |S}| + 1S2{. (Do you understand
why there is one inequality and two equalities here?) Of course, |Si] < |S.],
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|SE] < |S,| and |Si| < 1S,| for i = 1,2. Hence

ISP = (18" +15%)°

< (VSIS 1St + ISz 1571 - 152
< (VISTIsi + isar-isz)” - 1S
<

(1S3 +182) - (IS5 +182) - 1.
RAREARCE

l

6.5 Jensen’s Inequality

1.

2.

2t +y’ 42 (x+y+z>2_l
3 = "9
= 12+y7+22 > _:1;

= 1 =11
(z+y+z)-(z+y+2)
224+ y? 4 2 4 20y + 2yz + 222

1
=+ 2(zy + y2 + zz)

>
-3
2
= 3 > 2zy +yz+ zz)
1
= 3 2 zy+yz+ 2z

The sine graph is concave, the cosecant graph convex. The cosine graph is concave
until 90° and then becomes convex. The graph is continuous throughout. (A point
where the graph is continuous and changes from concavity to convexity or vise
versa is cilled a point of inflection.) Similarly for the cotangent function, although
here concavity and convexity are reversed.

Both the tangent and secant functions are convex before 90°, there are disconti-
nuities at 90°, and then are concave.

. The sine function is concave on (0°,180°) and the cosecant function is convex on

the interval (0°,180°), so it follows that

sina +sinb+ sinc < sin(a+b+c) = 5in60° = _@
3 3
and similarly
csca + cscb+ csce a+b+c 2
2> csc = ¢sc 60° = —=
3 2 ( ) c \/.3
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The cosine and cotangent functions present special problems because they change
concavity at 90°. Nevertheless we are still able to make clever use of Jensen’s
inequality.

Firstly, the cosine function is concave on (0°,90°). From this it is easy to see

immediately that if the triangle is acute angled then cos a+cosb+cosc < 2. Now
suppose that ¢ > 90°. Then :-

cosa+ cosb

cosa+cosb+cosc = 2-———é————+cosc
b
_ 2'cosa—;cos —cos(a+b)
< 2-cos(a b)—cos(a—{—b)

b b
= 2-cos(a+ )+1—2-c052(a; )
= 2041-2C? '

1 3
- 2 _ - et
= =2(C C+4)+2
1 3
2( 2) +.2
< 3
- 2

where of course C = cos(m)

Similarly, since the cotangent function is convex on (0°,90°), if the triangle is
acute angled then cota + cot b+ cot ¢ > V3. Now suppose that ¢ > 90°. Then :-

cota + cotb
cota+cotb+cotec = 2~T—+cotc
_ 2~C0ta;C0tb——cot(a+b)

b) — cot(a + b)

a+b) cotz(#)—l
2 2cot(%'—'i)
C’ —1

]

20 ~
|0

= 2o~ Jyrraog]
V3

> 2- cot(a

= 2 'COt(

v

where of course C = cot('ﬂlﬂ).
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It should by now be easy for the reader to verify that tana +tan b+ tanc > 3/3
and seca +secb + secc > 6 for acute angled triangles. By considering isosceles
triangles with an obtuse angle just greater than 90°, one sees that these functions
are not bounded from below.

. Let the angles of the triangle be 2a, 23, 2. Then since the incircle has radius

1, the semiperimeter is cot a + cot 8 + cot . Since 0° < a, 8, v < 90°.we have
from a previous exercise that this quantity is greater than or equal to 3v/3 and is
minimised when a = # = 4 = 30° i.e. when the triangle is equilateral.

- (The solution presented below is due to Ravi Vakil. It is far quicker, but perhaps

less obvious, than the solution given by the proposer.)

Let P be any point, and denote < CAP, ABP and BC P by a, band c respectively.
Denote < PAB, < PBC and < PCA by z, y and z respectively.

A

a

B C

Assume for a contradiction that all of a, b and ¢ are greater than 30°. Then
T +y+ 2 < 90° and so each of ¢, b and c is less than 120°. [t follows from this
(inspect a sine graph if necessary) that sin a,sinb,sinc > 0.5. Now

sina sinb sinc CP AP PB

sinz sinz siny AP PB CP
that is, sina-sinb-sinc = sinz - siny - sin 2. Therefore
: 0.5 v0.5-0.5-0.5

i Vsina-sinb-sinc
Vsinz -siny - sinz

sinz + siny + sin z

3
sin (=)

< sin (900)
3

= 05

N A A

A

Here we have used the Arithmetic-Geometric mean inequality and then Jensen’s
inequality for the sine function.
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